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Part 0. Introduction. 

Throughout this article, all varieties are projective and defined over C and morphisms are 
proper, otherwise mentioned. 

0.1. Introduction. 

Let C be a smooth curve in defined by an cubic homogeneous equation f{x,y,z) = 0. 
Suppose that we have nine distinct points Pi, ■ ■ ■ , Pg on C such that the divisor 

9 

^Pi-Op2(3) 

i=l 

is a torsion divisor of order m > 1 on the curve C. Then, there is a curve Z C of degree 3m 
such that mult p. (Z) = m for each point Pi. Let V be the pencil given by the equation 

^f"'{x,y,z) + ng{x,y,z) = C Froi(c[x,y, z] 

where g{x, y, z) = is a homogeneous equation of the curve Z and (A : /z) € P^. Then, a general 
curve of the pencil V is birational to an elliptic curve. The pencil V is called a plane Halphen 
pencil ([llj) and the construction of the pencil V can be generalized to the case when the curve 
C has ordinary double points and the points Pi, - ■ ■ ,Pq are not necessarily distinct ([9]). In 
fact, every plane elliptic pencil is birational to a Halphen pencil. Namely, the following result 
is proved in [TO] using the technique of plane Cremona transformations but its rigorous proof is 
due to [9j. 

Theorem 0.1.1. Let M. he a pencil on P^ whose general curve is birational to an elliptic curve. 
Then, there is a birational automorphism p of¥'^ such that p{M) is a plane Halphen pencil. 

Proof. Every birational automorphism of P^ is a composition of projective automorphisms and 
Cremona involutions (Section 2.5 in [8j). Moreover, the arguments of Section 2.5 in [8j together 
with the two-dimensional analogue of Theorem [023] imply that there is birational automorphism 
p € Bir(P^) such that the singularities of the log pair (P^, ^B) are canonical, where B = p{M.) 
and n is the natural number such that B ~q Op2(n). 

The singularities of the log pair (P^, are not terminal by Theorem I0.2.4F Therefore, 



there is a birational morphism vr : S — > P^ such that the singularities of the log pair {S, -Bs) 
are terminal and 

Ks + -Bs ~Q 7r*fc2 + -0), 

where Bs is the proper transform of the pencil B by the birational morphism vr. Then, —Kg 
is nef because the pencil Bs does not have any fixed curve. The divisor —Ks is not big by 
Theorem 10.2.41 which implies that K'g = 0. In particular, the complete linear system | — nKs\ 
does not have fixed points. Therefore, the number n is divisible by 3 and 

I - 3^sl 

which implies that p{M.) is a plane Halphen pencil. □ 

A problem similar to Theorem 10. 1.11 can be considered for Fano varieties whose groups of 
birational automorphisms are well understoocfl. In particular, it would be very interesting to 
classify pencils of K3 surfaces on three-dimensional weighted Fano hyper surf aces. 

Definition 0.1.2. A Halphen pencil is a one-dimensional linear system whose general element 
is birational to a smooth variety of Kodaira dimension zero. 



^Theorem l0.2.4l can be generalized to each dimension > 2 

o 

Elliptic pencils on some del Pezzo surfaces defined over an algebraically non-closed perfect field are birationally 
classified in using the structure of their groups of birational automorphisms ( [15] 



4 



IVAN CHELTSOV AND JIHUN PARK 



Let X be a general quasismooth hypersurface of degree d = "^f^i o-i in P(l, ai, 02, as, 04) that 
has terminal singularities, where ai < 02 < 03 < 04. Then, 

-Kx ~(Q C'p(l,ai,a2,a3,a4)(l) ^> 

which implies that X is a Fano threefold. The divisor class group C\{X) is generated by the 
anticanonical divisor —Kx and there are exactly 95 possibilities for the quadruple (ai, 02, 03, 04), 
which are found in p!2] . We use the notation 2 for the entry numbers of these famous 95 families. 
They are ordered in the same way of [12j, which is a standard way nowadays. We tabulate these 
families together with their properties in Part [H 

Birational geometry on such threefolds is extensively studied in [3], [1], [7], [20], and so forth. 
The article ^ describes the generators of the group Bir(X) of birational automorphisms of X. 
Also, the article ^ shows the relations among these generators. The former article proves the 
following result as well. 

Theorem 0.1.3. The threefold X cannot he rationally fibred by rational curves or surfaces. 

As for birational maps into elliptic fibrations, the hypersurface X in each family except the 
families of H = 3, 60, 75, 84, 87, and 93 is birational to an elliptic fibration ([!]). Furthermore, 
all birational transformations of the threefold X into elliptic fibrations are classified in [l], [2], 
[3], [Ij, and [20J. 

It is known that Halphen pencils on the threefold X always exist, to be precise, the threefold X 
can be always rationally fibred by K3 surfaces (@|)- In this article, we are to classify all Halphen 
pencils on the hypersurfaces in the 95 families as what is done for their elliptic fibrations in [3]. 

Let us explain five examples of pencils on the threefold X. They exhaust all the possible 
Halphen pencils on X. It follows from [7J that the pencils constructed below are Bir(X)-invariant 
(Proposition 10.3.^ . We will show, throughout this article, that they are indeed Halphen pencils. 

Example I. Suppose that 02 = 1. Then, every one-dimensional linear system in | — Kx\ is a 
Halphen pencil. It follows from the Adjunction that a general surface in | — Kx \ is birational to 
a smooth K3 surface. In particular, it belongs to Reid's 95 codimension 1 weighted K3 surfaces 

(CD)- 

Therefore, in the cases in Example [U or equivalently 2 = 1, 2, 3, 4, 5, 6, 8, 10, 14, there are 
infinitely many Halphen pencils on the hypersurface X. Such cases will be studied in Part [5l 
where we will prove that every Halphen pencil is contained in | — Kx \ ■ 

Example II. Suppose that ai ^ 02. Then, the linear system | — aiKx\ is a pencil. If oi = 1, 
then the linear system | — Kx \ is a Halphen pencil and its general surface belongs to Reid's 95 
codimension 1 weighted K3 surfaces as in Example [H In fact, it is a Halphen pencil if only if 
d-i 7^ fl2 ([5]). We will see that it is a unique Halphen pencil except the cases with 02 = 1 and 
the cases in three Examples below. 

We will discuss the cases with a unique Halphen pencil in Parts [T] and [21 
Note that ai = 02 7^ 1 exactly when 2 = 18, 22, and 28. 

Example III. Suppose that 2 = 18, 22, or 28. In such cases, oi = 02 / 1 and 03 = ai + 1. The 
threefold X has singular points Oi, • • • ,0r of type ^(1, 1, ai - 1), where r = 3ai±54+i ^ There is 
a unique index i > 3 such that 02+03 + 04 = muj, where m is a natural number. In particular, 
the threefold X is given by an equation 

m 

^x'jfk{xo,Xi,X2,X3,X4) = C Proj(|c[xo,Xl,X2,X3,X4]^, 
fc=0 

where wt(xo) = 1, ^t{xi) = ai, and fk is a quasihomogeneous polynomial of degree oi + 02 + 
03 + 04 — kaj that is independent of the variable xj. Let Vi be the pencil of surfaces in | — aiKx\ 
that pass through the point Oj and V be the pencil on the threefold X that is cut out by the 



HALPHEN PENCILS ON WEIGHTED FANO THREEFOLD HYPERSURFACES 



5 



pencil Axq^ + fifm{xo7^i,X2,X3,X4) = 0, where (A : /i) G P""^. It will be proved that V and Vi 
are Halphen pencils in | — aiKx\- 

The cases in Example IIIII are the only cases that have more than two finitely many but 
Halphen pencils. These cases will be discussed in Part HI 

Example IV. Suppose that 2 = 45, 48, 55, 57, 58, 66, 69, 74, 76, 79, 80, 81, 84, 86, 91, 93, or 95. 
We then see 1 7^ oi 7^ 02. Moreover, there is a unique index j ^ 2 such that 01+03 + 04 = maj, 
where m is a natural number. Therefore, the threefold X is given by an equation 

m 

^Xjfk{xo,Xi,X2,X3,X4^) = C Proj(^C[xo,Xi,X2,X3,a;4]^, 
fc=0 

where wt(xo) = 1, wt(xj) = Oj, and fk is a quasihomogeneous polynomial of degree ai + 02 + 
03 + 04 — kaj that is independent of the variable xj. Let V be the pencil on the threefold X 
that is cut out by the pencil Axq^ + fJ^fm{xo,xi,X2,X3,X4) = 0, where {X : fi) £ P^. It will be 
shown that P is a Halphen pencil in | — a2Kx\- 

Example V. Suppose that "} = 60. Then, X is a general hypersurface of degree 24 in 
P(l, 4, 5, 6, 9). Hence, the threefold X is given by an equation 

fQ{x,V,z,t) +wfi5{x,y,z,t) + f24.{x,y,z,t) = C Fioi(c[x, y, z,t,w]j , 

where wt(x) = 1, wt(y) = 4, wt(z) = 5, wt(t) = 6, wt{w) = 9, and fk{x,y,z,t) is a general 
quasihomogeneous polynomial of degree k. Then, the linear system on the threefold X cut out 
by the pencil Xx^ + iife{x, y, z, t) = 0, where (A : /x) S P^, is a Halphen pencil in | — 6Kx\- 

The cases in Examples IIVI and |V] have at least two Halphen pencils because they also satisfy 
the condition for Example HIl Furthermore, we will see that these are the only Halphen pencils 
on the hypersurface X of each family. These cases are discussed in Part [3j 

The main purpose of this article is to prove the following^. 

Theorem 0.1.4. Let X be a general hypersurface in the 95 families. Then, the pencils con- 
structed in Examples Q O \II]\ \IV\ and \M exhaust all possibilities for Halphen pencils on the 
hypersurface X. 

The following are immediate consequence of Theorem 10.1.41 

Corollary 0.1.5. Let X be a general hypersurface in the 95 families with entry number 2. 

(1) There are finitely many Halphen pencils on the threefold X if and only 2/02 7^ 1- 

(2) There are at most two Halphen pencils on X in the case when ai 7^ 02. 

(3) Every Halphen pencil on the threefold X is contained in \ — Kx\ if 0,1 = 1. 

(4) The linear system \ — Kx\ is the only Halphen pencil on X if ai = \ and 02 7^ 1. 

(5) The linear system \ — aiKx\ is the only Halphen pencil on the threefold X if and only if 
2 + \,2, 3, 4, 5, 6, 8, 10, 14, 18, 22, 28, 45, 48, 55, 57, 58, 60, 66, 69, 74, 76, 79, 80, 
81, 84, 86, 91, 93, 95. 

Furthermore, Theorem 10. 1.41 with Proposition 10.3.2] forces us to conclude 

Corollary 0.1.6. Let X he a general hypersurface in the 95 families. Then, every Halphen 
pencil on the threefold X is invariant under the action o/Bir(X). 

The proof of Theorem 10.1.41 is based on Theorems 10.2.41 10.2.91 and Lemmas I0.2.6( 10.2.71 We 

prove the theorem case by case in order of the number of Halphen pencils and the entry number 
1 

In addition, we prove that general surfaces of the pencils constructed in Examples HI HIl IIIH 
IIVI IVl are birational to smooth K3 surfaces. 



^Theorem is proved in [15] and [2D] for the cases 11 = 5, 34, 75, 88, and 90. 
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Theorem 0.1.7. Let X be a general hypersurface in the 95 families. Then, a general surface 
of every Halphen pencil on X is birational to a smooth K3 surface. 

It follows from Proposition lU.3.I^ that general surfaces of the pencils constructed in Examples[I] 
and [n] are birational to smooth K3 surfaces. General surfaces of the other pencils will be 
discussed in Part [3l The proof of Theorem 10.1.71 is based on Corollaries 10.2.111 and 10.2.121 

Theorems 10.1.41 and 10 . 1 . 71 1 ell us how a general hypersurface in the 95 families can be rationally 
fibred by smooth surfaces of Kodaira dimension zero. 

Corollary 0.1.8. Let X he a general hypersurface in the 95 families and let n : Y ^ Z be a 

morphism whose general fiber is birational to a smooth surface of Kodaira dimension zero. If 
there is a birational map a : X --"y Y , then there is an isomorphism (p : ¥^ —>■ Z such that the 
following diagram commutes: 

X 

I 

ijj I 

V 

pi — ^z, 

where the rational map if) : X is induced by one of the pencils in Examples\^ O l/Vl 

andB In particular, a general fiber of the morphism vr is birational to a smooth K3 surface. 
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0.2. Preliminaries. 

Let X be a threefold with Q-factorial singularities and Mhe a. linear system on the threefold 
X without fixed components. We consider the log pair {X,^M.) for some nonnegative rational 
number 

Let a : y — > X be a proper birational morphism such that Y is smooth and the proper 
transform My of the linear system M. by the birational morphism a is base-point-free. Then, 
the rational equivalence 

k 

Ky + fiMy ~Q a* (^Kx + /uTW) + ^ aiEi 

i=l 

holds, where Ei is an exceptional divisor of the birational morphism a and is a rational 
number. 

Definition 0.2.1. The singularities of the log pair {X,ij,A4) are terminal (canonical, log- 
terminal, respectively) if each rational number Oj is positive (nonnegative, greater than — 1, 
respectively). In case, we also say that the log pair {X, fiAi) is terminal (canonical, log-terminal, 
respectively). 

It is convenient to specify where the log pair {X,fiA4) is not terminal. 

Definition 0.2.2. A proper irreducible subvariety Z C X is called a center of canonical sin- 
gularities of the log pair {X,iJ,A4) if there is an exceptional divisor Ei such that a{Ei) = Z 
and Oj < 0. The set of all proper irreducible subvarieties of X that are centers of canonical 
singularities of the log pair {X,fiA4) is denoted by C§{X,nAi). 
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A curve not contained in the singular locus of the threefold X is a center of canonical singu- 
larities of the log pair {X,fj,A4) if and only if the multiplicity of a general surface of M along 
the curve is not smaller than -. Furthermore, we obtain 

Lemma 0.2.3. Let C be a curve on the threefold X that is not contained in the singular locus of 
X. Suppose that the curve C is a center of canonical singularities of the log pair {X,fiA4) and 
the linear system \ — mKx \ is base-point-free for some natural number m > 0. If —Kx ~(Q l^M., 
then -Kx ■ C < -K\. 

Proof. Let Mi and M2 be general surfaces in A4. Then, 

multc(Mi • M2) > multc(Mi)multc(M2) > 4t. 
Let H he Su general surface in | — mKx\- Then, 

"^{-KD = H-Mi-M2> {-mKx ■ C)multc(Mi • M2) > ^(-Kx • C), 

which implies —Kx • C < —K^. □ 

The following result is a generalization of so-called Noether-Fano inequality ([8]). 

Theorem 0.2.4. Suppose that the linear system A4 is a pencil whose general surface is birational 
to a smooth surface of Kodaira dimension zero, the linear system \ — mKx \ is base-point-free for 
some natural m, and M ~(Q) —(j,Kx- If the linear system \ — mKx\ induces either a birational 
morphism or an elliptic fibration, then the log pair (X, fiM) is not terminal. 

Proof. Let M be a general surface in M.. Suppose that the log pair {X,^M) is terminal. Then, 
for some positive rational number e > fi, the log pair (X, eM) is also terminal and the divisor 
Kx + is nef . We have a resolution of indeterminacy of the rational map p : X — ^ induced 
by the pencil M. as follows: 



where Y is smooth and /? is a morphism. We consider the linear equivalence 

k 

Ky + eMy ~q a* {Kx + eM^ + ^ aEi, 

i=l 

where My is the proper transform of the surface M and q is a rational number. Then, each Cj is 
positive. Also, we may assume that the proper transform Aiy of the pencil M by the birational 
morphism a is base-point-free. In particular, the surface My is smooth. 

Let I be a sufficiently big and divisible natural number. Then, the negativity property of the 
exceptional locus of a birational morphism (Section 1.1 in [21]) implies that the linear system 
\l{Ky -\- eMy) I gives a dominant rational map : Y V with dim(y) > 2. One the other 
hand, since the proper transform Aiy is a base-point-free pencil, the Adjunction formula implies 



liKy + eMy 



~ IK My ■ 

My 



However, the surface My has Kodaira dimension zero, which implies that dim(y) < 1. It is a 
contradiction. □ 

Theorem-Definition 0.2.5. Let [P € U) be the germ of a threefold terminal quotient singu- 
larity P of type i(l,a,r — a), where r > 2, r > a, and a is coprime to r. Suppose that 

f:{EcW)^{ZcU) 

is a proper birational morphism such that 
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• the threefold W has at worst terminal singularities; 

• the exceptional set E of f is an irreducible divisor of W ; 

• the divisor —K\y is f -ample; 

• the point P is contained in the suhvariety Z . 

Then, it is the weighted blow up at the point P with weights (l,a,r — a). In particular, Z = P. 
We call such a birational morphism the Kawamata blow up at the point P with weights (1, a, r — a) 
or simply the Kawamata blow up at the point P. 

Proof. See [13]. □ 

Let TT -.Y ^ X he the Kawamata blow up at a quotient singular point P of type -(1, a, r — a), 
where r > 2, r > o, and a is coprime to r. One can easily check that the exceptional divisor E 
of the birational morphism vr is isomorphic to P(l, a,r — a). Furthermore, we see 

Ky = TT*{Kx) + -E, 

r 



ra{r — a) ' 

^' = T^- 

a[r — a) 

Otherwise mentioning, from this point throughout this section, we always assume that the 
linear system M \s a, pencil with M ~q —^Kx- In addition, we always assume that a general 
surface of the pencil M. is irreducible. 

For our purpose Theorem-Definition 10.2.51 can be modified as follows. 

Lemma 0.2.6. Let P be a singular point of a threefold X that is a quotient singularity of type 
-(1, a,r — a), r > 2, r > a, and a is coprime to r. Suppose that the log pair {X, jiM) is canonical 
but the set C§(X, /xA^) contains either the point P or a curve passing through the point P. Let 
IT : Y ^ X be the Kawamata blow up at the point P and let Aiy be the proper transform of Ai 
by the birational morphism vr. Then, 

hMy ~(Q vr* - Kx^ - ^E ~(q -Ky, 
where E is the exceptional divisor o/vr. 

Proof. We consider only the case r = 2. Then, E^F^ and E\e ~q Op2(-2). We have 

My ~Q vr* - ^Kx^ - mE, 

where m is a positive rational number. In particular, we have Aiy\E = —mE\E. 

Suppose that < 27^- Q be a point of E. Intersecting a general divisor of the pencil A4y 
with a general line on E that passes through the point Q, we obtain the inequality 

1 

multQ(A^y) < 2m < — . 

Suppose that the set CS{X,fiM.) contains an irreducible curve Z that passes through the 
point P. Then, 

- > multo{My) > multzy(7\4y) > umltz{M) > -, 

where Zy is the proper transform of the curve Z and O is a point of the intersection of the 
curve Zy and the exceptional divisor E. Therefore, the singularities of the log pair {X,fj,A4) 
are terminal in a punctured neighborhood of the point P. The equivalence 

Ky+fiMy ~Q TT*(^Kx+fJ^M^ + (^^- nm}jE, 

shows that the set CS{Y, fj,A4y) contains a proper subvariety A E. It implies that the 
inequality multA(A^y) > ^ holds, which is a contradiction. □ 
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Lemma 10.2.61 can be generalized in the following way ([3]). 

Lemma 0.2.7. Under the assumptions and notations of Lemma \0.2.(A suppose that we have a 
proper subvariety Z C E = P(l, a,r — a) that belongs to CS{Y, fiMy)- Then, the following hold: 

(1) The subvariety Z is not a smooth point of the surface E; 

(2) If the subvariety Z is a curve, then it belongs to the linear system |Op(i, a, r-a) (1)1 ^c- 
fined on the surface E and all singular points of the surface E are contained in the set 
£S{Y,ixMy). 

Proof. We consider only the case when r = 5 and a = 2 because the proofs for the other cases 
are very similar. Thus, we have E = P(l,2,3). Let Qi and Q2 be the singular points of the 
surfaces E and L be the unique curve in |Cp(i,2,3)(l)l on the surface E. Then, L contains the 
singular points Qi and Q2 but the equivalence ij,M.y\e = L holds by Lemma [0.2.61 Also, it 
follows from Lemma 10.2.61 that the set CS{Y, fiMy) contains both the points Qi and Q2 if the 
curve L is contained in the set CS(y, /iA4y). 

Suppose that the subvariety Z is different from L, Qi, and Q2- Let us show that this assump- 
tion gives us a contradiction. 

Suppose that Z is a point. Then, Z is a smooth point of the threefold Y, which implies the 
inequality mult2(A1y) > ^. Let C be a general curve in |Op(i,2,3)(6)| on the surface E that 
passes through the point Z. Then, C is not contained in the base locus of My, which implies 
the following contradictory inequality: 

- = C ■ My > multz (My) > -• 

Therefore, the subvariety Z must be a curve. Then, mult^(A^y) > ^. Let C be a general 
curve in the linear system |Op(i, 2, 3)(6)| on the surface E. Then, the curve C is not contained 
in the base locus of the pencil My- Therefore, we have 

- = C-My> umltz(MY)C -Zy-C-Z, 

which implies that C ■ Z = 1 on the surface E. The equality C ■ Z = 1 implies that the curve Z 
is contained in the linear system |Cp(i,2,3)(l)l on the surface E, which is impossible due to our 
assumption. □ 

Lemma 0.2.8. Let S be a normal surface and A be an effective divisor on S such that 

r 

A = y^^ajCj, 

1=1 

where Ci , • • • ,Cr are irreducible curves on S and Oj is a rational number. If the intersection 
form of the curves Ci, • • • ,Cr on the surface S is negative-definite, then A = ^[=1 OjCj. 

Proof. Let A = X]i=i Ci-Bi, where Bi is an irreducible curve on the surface S and q is a nonneg- 
ative rational number. Suppose that 

k r 

^CiBi / y^^ajCj. 
1=1 1=1 

Then, we may assume that each curve Bi coincides with none of the curves Ci, • • • ,Cr- We have 

o>[Yl "*^^) • ( E 

ai>0 ai>0 
k 

= ( Z ^^^0 ' ( ^ '''^') ~ ( ^ "*^') ■ ( ^ "*^') - 
i=l ai>0 ai<0 ai>0 
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which immediately imphes 

J2 = 0. 

ai>0 

Therefore, we obtain the numerical equivalence 

k 

^CiBi = ^ atCi. 

i=l ai<0 

It then follows that = and Oj = for every i. □ 

The following result is a generalization of Lemma A. 20 in [3]. 

Theorem 0.2.9. Let B be a linear system on a threefold X such that general surface of the 
linear system B is irreducible. Then, the linear system B coincides with the pencil M if one of 
the following holds: 

(0) There is a Zariski closed proper subset S C X such that 

Supp(M) nSupp(S) C S, 

where M and B are general divisors of the pencil A4 and the linear system B, respectively. 
Note that the general divisors M and B are chosen independently of the proper subset 
S. 

For the below, let B and M be general surfaces of the linear system B and the pencil Ai, 
respectively. 

(1) There is a nef and big divisor D on the threefold X such that D ■ M ■ B = 0. 

(2) The base locus ofB consists of an irreducible curve C such that M -B = AC and B-C < 
for some positive rational number A. 

(3) The base locus of A4 consists of an irreducible curve C such that M ■ B = AC and 
M ■ C < for some positive rational number A. 

(4) The equivalence M = XB holds for some positive rational number A and the base locus 
of B consists of an irreducible curve C such that B ■ C <0. 

(5) The equivalence M = XB holds for some positive rational number X and the base locus 
of M consists of an irreducible curve C such that M ■ C < 0. 

(6) The surface B is normal, the equivalence M = XB holds for some positive rational num- 
ber X, and the base locus of B consists of irreducible curves Ci, • • • , C^ whose intersection 
form on the surface B is negative- definite. 

(7) The surface M is normal, the equivalence M = XB holds for some positive rational 
number X, and the base locus of M. consists of irreducible curves Ci,--- ,Cr whose in- 
tersection form on the surface M is negative-definite. 

Proof. (0). Let p : X be the rational map induced by the pencil AA. and ^ : X F'" be 

the rational map induced by the linear system B. We then consider a simultaneous resolution 
of both the rational maps as follows: 

W 




where is a smooth variety, vr is a birational morphism, a and (5 are morphisms. 
Let A be a Zariski closed subset of the variety W such that the morphism 



TT 



: A — > A\7r(A) 



is an isomorphism and A be the union of the set A and the closure of the proper transform of 
the set S \ 7r(A) on the variety W . Then, the set A is a proper subvariety of W . 
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Suppose that the pencil Ai is different from the Unear system B. Let B-\^ be the pull-back of 
a general hyperplane of by the morphism a and let Mw be a general fiber of the morphism 
p. Then, the intersection M\y n B]y is not empty and the support Supp(Mt^ n Bw) is not 
contained in A. Hence, we have 



where Tr{Mw) and tt{Bw) are general divisors in the linear systems A4 and B, respectively. 

([1]). For some positive number m, there is an ample divisor A and an effective divisor E such 
that mD ^ A + E since the divisor D is nef and big. Then, the inequality E ■ M ■ B < follows 
from mD ■ M ■ B = and A ■ M ■ B > 0. Therefore, the support of the cycle M ■ B must be 
contained in the support of the effective divisor E, and hence the statement (0) completes the 
proof. 

([2|). Let H be an ample divisor on X. Then, there is a positive rational number e such that 
{B + eH) -0 = 0. Since M ■ B = XC, we obtain {B + eH) ■ M ■ B = 0. Because the divisor 
B + eH is nef and big, (P) implies Ai = B. 

([3j). The proof is the same as ([2]). 

dlj). It is an immediate consequence of ([2]). 

dlj). It is an immediate consequence of ([3]). 

dlj). Since M = XB, the restricted divisor M\b oi the effective divisor M to the surface B is 
numerically equivalent to the divisor X]i=i ^^i^i on the normal surface B, where Oj is a positive 
rational number. It then follows from Lemma 10.2.81 that 



M 

It implies that 



B 



r 

E 

i=l 



Supp(M) nSupp(S) c Suppl^^OiC 

i=l 

Then, the statement (0) completes the proof. 

([7]). The proof is the same as (j6]). □ 

Theorem 0.2.10. Suppose that a log pair {X,fiAi) is canonical with Kx + /^A^ ~q 0. In 
addition, we suppose that one of the following hold: 

(1) the base locus of the pencil Ai consists of irreducible curves Ci, • • • , and there is a 
nef and big divisor D on X such that D ■ Ci = for each i; 

(2) the base locus of M. consists of an irreducible curve C such that • C < 0; 

(3) a general surface of the pencil Ai is normal, the base locus of Ai consists of irreducible 
curves Ci,-- - ,Cr whose intersection form is negative- definite on a general surface in 
the pencil Ai . 

Then, the linear system Ai is a Halphen pencil and there is a composition of antiflips ^ : X --^ 
X' along the curves Ci, • • • ,Cr (or C) such that the proper transform Aix' of the pencil Ai by 
^ is base-point-free. 

Proof. The log pair {X,XAi) is log-terminal for some rational number X > fi. Hence, it fol- 
lows from |21j that there is a birational map : X ---^ X' such that ^ is an isomorphism in 
codimension one, the log pair (X' , XA4x') is log-terminal, and the divisor Kx' + XAix' is nef. 
Let if be a general surface in the pencil Aix'- Since 

H = (Kx' + XAdx' - {K'x + ^lAdx')) , 

the divisor H is nef. Hence, it follows from the log abundance theorem (|14j) that the linear 
system \mH\ is base-point-free for some m ^ 0. 

Let B be the proper transform of the linear system \mH\ on X. Also, let B and M be general 
surfaces of the linear system B and the pencil A4, respectively. Then, B = mM and one of the 
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conditions in Theorem 10.2.91 is satisfied. Hence, we have M = B, which impUes that m = 1 and 
A4x' = \H\ is base-point-free and induces a morphism it' : X' P^. Thus, every member of 
the pencil Aix' is contracted to a point by the morphism vr'. 

The log pair {X' , fiMx') is canonical because the map is a log flop with respect to the log 
pair (X,fiM). In particular, the singularities of X' are canonical. Hence, the surface H has at 
most Du Val singularities because the pencil Aix' is base-point-free. Moreover, the equivalence 
Kx' + tJ-H ~Q and the Adjunction formula imply that Kh ~ 0. Consequently, the linear 
system is a Halphen pencil. □ 

Corollary 0.2.11. Under the assumption and notations of Theorem \0.2.1(A in addition, suppose 
that a general surface of the pencil M. is linearly equivalent to —nKx for some natural number 
n. Then, a general element of Ai is birational either to a smooth K3 surface or to an abelian 
surface. 

Proof. It immediately follows from the proof of Theorem 10.2.101 and the classification of smooth 
surfaces of Kodaira dimension zero. □ 

Corollary 0.2.12. Under the assumption and notations of Corollary \0.2.11\ suppose that a 
general surface of the pencil M. has a rational curve not contained in the base locus of the pencil 
Ad. Then, a general element of M. is birational to a smooth K3 surface. 

Proof. In the proof of Theorem 10.2.101 suppose that the surface M has a rational curve L not 
contained in the base locus of the pencil A4. Then, the surface H contains a rational curve 
because the birational map ^ makes no change along the curve L. On the other hand, the 
surface H is birational either to a smooth K3 surface or to an abelian surface. However, an 
abelian surface cannot contain a rational curve. □ 



0.3. General results. 

Let X be a general hypersurface of the 95 families with entry number H in P(l, ai, 02, as, 04). 
In addition, let be a Halphen pencil on the threefold X. Then, the log pair (X, -M.) is 
not terminal by Theorem 10.2.41 where n is the natural number such that M ~(q —nKx- The 
following result is due to [7j. 

Theorem 0.3.1. There is a birational automorphism r G Bir(X) such that the log pair 
(X, :^''"(-^)) 2S canonical, where m is the natural number such that t(7W) —mKx- 

To classify Halphen pencils on X up to the action of Bir(X), we may assume that the log 
pair (X, y^M.) is canonical. However, it is not terminal by Theorem 10.2.41 

Proposition 0.3.2. The pencils constructed in Examples\^ O 1 7/4 \IV\ and [2 are invariant 
under the action of the group Bir(X) of birational automorphisms of X. 

Proof. Suppose that the hypersurface X is defined by the equation 

fd{x, y, z,t,w) = 0C Proj {C[x, y, z, t, w]) , 

where wt(x) = 1, wt(y) = ai, wt{z) = 02, wt(i) = as, wt(u;) = a^, and f^ is a general 
quasihomogeneous polynomial of degree d = ^aj. 

Since the hypersurface X is general, it is not hard to see that the group Aut(X) of automor- 
phisms of X is either trivial or isomorphic to the group of order 2. The latter case happens 
when 2a4 = d. In such a case, the hypersurface X can be defined by an equation of the form 

w'^ = gd{x,y,z,t), 

where gd is a general quasihomogeneous polynomial of degree d in variables x, y, z, and t. The 
group Aut(X) is generated by the involution [x : y : z : t : w] ^ [x : y : z : t : —w]. Therefore, 
in both the cases, we can see that the pencils constructed in Examples HI HH IIIH IIV( and IVl are 
invariant under the action of the group Aut(X) of automorphisms of X. 
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Suppose that the hypersurface X is not superrigid, i.e., it has a birational automorphism 
that is not biregular. Then, it is either a quadratic involution or an elhptic involution that are 
described in |7j. A quadratic involution has no effect on things defined with the variables x, y, z, 
and t (see Theorem 4.9 in [7]). On the other hand, an elliptic involution has no effect on things 
defined with the variables x, y, and z (see Theorem 4.13 in [7]). The pencils constructed in 
Examples HI HIl Hill and IIVI are defined by the variables x, y, and z. Therefore, such pencils are 
invariant under the action of the group Bir(X) of birational automorphisms of X. Meanwhile, 
the pencil constructed in Example IVl is contained in j — a-iKx\- However, in the case 1 = 60, 
the hypersurface X does not have an elliptic involution (see The Big Table in [7J), and hence 
the pencil is also Bir(X)-invariant. □ 

Every Halphen pencil on the threefold X is, as shown throughout the present article, birational 
to a pencil in Examples HI [Ul IIIIl IIVI and |V] that is Bir(X)-invariant. It implies that every 
Halphen pencil on X is Bir(X)-invariant. 

Lemma 0.3.3. Suppose that II > 3. Then, the set CS(X, ^M.) contains no smooth point of X. 

Proof. It follows from the proof of Theorem 5.3.1 in [7]. □ 

Corollary 0.3.4. Suppose that the sei C§(X, contains a curve C. Then, —Kx-C < —K\. 

Proof. It is an immediate consequence of Lemma 10.2.31 □ 

Corollary 0.3.5. The set CS(X, contains a singular point of X whenever 1 > 7. 

Proof. If n > 7, then —K^ < 1. Therefore, each curve C with —Kx ■ C < —K^ passes through a 
singular point of X. Then, the result follows from Lemmas 10.2.61 (0.3.31 a^iid Corollary 10.3.41 □ 

In fact, we have a stronger result as follows: 

Theorem 0.3.6. Suppose that H > 3 and the set CS(X, ^M) contains a curve C . Then, 



Corollary 0.3.7. The set C§{X, j^M) contains no curves whenever a\^\. 
Corollary 0.3.8. If the set CS(X, \M) contains a curve and 02 7^ 1, then = | — Kx 



Suppose that 1 > 7. Then, the set CS(X, ^M) contains a singular point P of type ^(1, r—a, a), 
where r > 2, r > a, and a is coprime to r. Let vr : y — > X be the Kawamata blow up at the 
singular point P and E be its exceptional divisor. In addition, let My be the proper transform 
of the pencil A4 by the birational morphism vr. Then, A4y ~q —nKy by Lemma 10.2.61 The 
cone NE(y) of the threefold Y contains two extremal rays Ri and R2 such that vr is a contraction 
of the extremal ray Ri. Moreover, the following result holds. 

Proposition 0.3.9. Suppose that —Ky < and H 7^ 82. Then, the threefold Y contains 
irreducible surfaces S ~q —Ky and T —hKy + cE whose scheme-theoretic intersection is 
an irreducible reduced curve that generates R2, where 6 > and c > are integer numbers. 

Proof. See Lemma 5.4.3 in [7]. □ 

The values of 6 and c for a given singular point in Proposition 10.3.91 appear in The Table of 
Part El 

Lemma 0.3.10. Under the assumptions and notations of Proposition W. 3. suppose that the 
inequality —Ky < holds. Then, the number c is zero. 



Supp(C) C Supp^Si • S 
where Si and S2 are distinct surfaces of the linear system 
Proof. See Section 3.1 in [20]. 




Kx\. 



□ 



Proof. It follows from Theorem 10.3.61 and Theorem 10.2.91 



□ 
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Proof. Let Mi and M2 be general surfaces of the pencil Ady- Then, Mi • M2 = n^-ftTy, which 
implies that Mi ■ M2 ^ NE(y ) in the case c> by Proposition [0X9l □ 

Lemma 0.3.11. Under the assumptions and notations of Proposition W. 3. 91 suppose that the 
inequality —Ky < holds. Then, the pencil My is generated by the divisors bS and T. 

Proof Let Mi and M2 be general surfaces in My. Then, Mi •M2 G NE{Y) and Mi •M2 = n^K^^, 
which implies that Mi • M2 € M"'"i22 because c = by Lemma lO. 3.101 Moreover, we have 

Supp(r) = Supp^Mi •M2), 

because T ■ R2 < and S ■R2 < 0. Therefore, the pencil A4y coincides with the pencil generated 
by the divisors bS and T by Theorem 10.2.91 which completes the proof. □ 

When oi = 1, a general surface of a pencil contained in the linear system | — Kx \ is birational 
to a K3 surface. In particular, it is one of Reid's 95 codimension 1 weighted K3 surfaces. 
Furthermore, we have the following: 

Proposition 0.3.12. In every case, a general surface in a pencil contained in \ — aiKx\ is 
birational to a K3 surface. 

Proof See [4^ □ 
Therefore, general surfaces in the pencils of Examples HI and HIl are birational to K3 surfaces. 



0.4. Notations. 

Let us describe the notations we will use. Otherwise mentioned, these notations are fixed 
from Part [1] to Part [H 

• In the weighted projective space P(l, ai, 02, 03, 04), we assume that ai < a2 < < 04. 
For weighted homogeneous coordinates, we always use x, y, z, t, and w with wt(x) = 1, 
wt{y) = ai, wt(z) = 02, wt{t) = a^, and wt(u') = a^. 

• The number H always means the entry number of each family of weighted Fano hyper- 
surfaces in The Table of Part [6j 

• In each family, we always let X be a general quasismooth hypersurface of degree d in 
the weighted projective space P(l, ai, 02, 03, 04), where d = Yli=i ^i- 

• On the threefold X, a given Halphen pencil is denoted by Ai. 

• For a given Halphen pencil M, we always assume that Ai ~q —nKx- 

• When a morphism f : V ^ W is given, the proper transforms of a curve Z, a surface 
D, and a linear system P on by the morphism / will be always denoted by Zy, Dy, 
and Vy, respectively, i.e., we use the ambient space V as their subscripts. 



• 


S : 


the surface on X defined by the equation x = 


0. 




• 


SV 


: the surface on X defined by the equation y - 


= 0. 




• 




: the surface on X defined by the equation z - 


= 0. 




• 




the surface on X defined by the equation t = 


: 0. 




• 


gu, 


: the surface on X defined by the equation w 


= 




• 


C : 


the curve on X defined by the equations x = 


y = 


0. 


• 


C : 


the curve on X defined by the equations x = 


z = 


0. 


• 


C : 


the curve on X defined by the equations x = 


t = 


0. 


• 


C : 


the curve on X defined by the equations x = 


w = 


0. 



The cases 2 = 18, 22, 28 is not covered by the article [31. Moreover, it has a mistake in Lemma 3.1. So we 
reprove Lemma 3.1 of [1] in this article. See KS-Propositions HXTI 14. 1.41 14.2.21 and 14.3.21 
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0.5. Set-up. 



In each case, for a given general hypersurface X and a given Halphen pencil A^, we consider the 
log pair {X, -M). Note that the natural number n is given by M ~(Q) —riKx- At the beginning 
of each section, we state the degree of X, the weights of the ambient weighted projective space, 
and the singularities of X. When the section contains a single case, we describe all the singular 
points. Because we could not put the values of b and c in Proposition 10.3.9} reader should refer 
to The Table in Part [6] for each singular point. 

After we describe these simple features, we present elliptic fibrations into which the general 
hypersurface X can be birationally transformed. For detail, reader should refer to [3]. Note that 
for the cases 2 = 3, 60, 75, 84, 87, 93, the hypersurface X cannot be birationally transformed 
into an elliptic fibration ([4j). 

We try to show that the Halphen pencil Ai is one of the pencils given in Examples HI [Til HIH 
IIV| and|Vl To do so, we will consider the set 



Theorem 10.2.41 implies that the set is always non-empty since the linear system is a Halphen 
pencil and the anticanonical divisor —Kx is nef and big. Furthermore, due to Theorem 10.3.11 
there is a birational automorphism p € Bir(X) such that the log pair (X, ^p{M.)) is canonical 
for the natural number n with p{M) ~q —hKx- It will turn out that the pencil p{M) is 
one of the pencils constructed in Examples HI [Hi IIIIl IIVI and [V] that are Bir(X)-invariant 
(Proposition 10.3^ . It implies M = p{M)- For this reason, we may always assume that the log 
pair {X, ^M) is canonical. 

At the first stage, we use Corollaries 10.3.71 and 10 . 3. 8l if applicable, in order to exclude the case 
when the set CS(X, ^M) contains a curve. Then, usually the set contains only singular points 
of X due to Lemma [0. 3. 31 

Next, we apply Lemmas 10.3.101 and 10.3. iT] with The Table in order to minimize, as much as 
possible, the set CS(X, y^A4) to be considered. 

After such things to do, we start the game to identify the Halphen pencil M. We need to 
calculate base curves of proper transforms of various linear systems by various Kawamata blow 
ups, their multiplicities, and so on. Due to huge volume of calculations, we usually omit the 
calculations. However, from time to time, we present them to show how to calculate. 

In addition, unless otherwise mentioning, whenever we consider a log pair (Y, ^Aiy) that is 
obtained from the log pair {X, -A4x) by a sequence of Kawamata blow ups, we always assume 
that My ~Q —nKy- This condition is always satisfied when the Kawamata blow ups are 
obtained from centers of canonical singularities due to Lemma I0.2.6[ 

In Parts [3] and [H we also show that general surfaces of Halphen pencils of types IIIIl IIVI and 
[V]are birational to smooth K3 surfaces. It will be proved directly or by using Corollarv 10.2.121 
Such statements are titled by K3-Proposition to be simply distinguished from the other works. 
The cases in Examples HI and HIl are covered by Proposition 10.3.121 
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Part 1. Fano threefold hypersurfaces with a single Halphen pencil | — Kx\- 
1.1. Case H = 7, hypersurface of degree 8 in P(1, 1, 2, 2, 3). 

The threefold X is a general hypersurface of degree 8 in P(l,l,2,2,3) with -Kjr = |. The 
singularities of the hypersurface X consist of four points -Pi, -P3 and P4 that are quotient 
singularities of type ^(1, 1, 1) and a point Q that is a quotient singularity of type |(1, 1, 2). 

For each point Pj, there is a commutative diagram 

ft 

Ui^ Yi 



X - - P(l,l,2), 

where 

• is a rational map defined in the outside of the points Pi and Q, 

• ai is the Kawamata blow up at the point Pi with weights (1, 1, 1), 

• (5i is the Kawamata blow up with weights (1,1,2) at the point Qi whose image to X is 
the point Q, 

• r]i is an elliptic fibration. 

There is another rational map • ^ """^ IF'(1)1)2) that gives us the following commutative 
diagram: 

Uo^ '-^ Y, 



X - - P(l,l,2), 

?o 

where 

• ao is the Kawamata blow up at the point Q with weights (1, 1, 2), 

• (3q is the Kawamata blow up with weights (1, 1, 1) at the singular point O in the excep- 
tional divisor of ao, 

• r]Q is an elliptic fibration. 

The pencil | — Kx \ is invariant under the action of the group of birational automorphisms 
Bir(X) and hence we may assume that 



due to Lemmas 10.3.31 10-3.101 10.3.111 and Corollary 10.3.81 Note that the base locus of the pencil 
I — Kx I consists of the irreducible curve C defined by x = y = 0. 

Lemma 1.1.1. If the CS(X, ^M.) contains distinct points Pi and Pj, then A4 = \ — Kx\- 

Proof. Let ttj : W ^ Ui be the Kawamata blow up with weights (1, 1, 1) at the point whose 
image to X is the point Pj and D he a general surface of the pencil | — Kx\- The base locus 
of the pencil | — Kw\ consists of the irreducible curve Cw- The surface Dw is normal and 
= — ^ on the surface Dw, which implies that M.w = \ — Kw\ by Theorem 10.2.91 □ 

The singularities of the log pair {Ui, ^M-Ui) are not terminal because the divisor —Ku. is nef 
and big. 

Lemma 1.1.2. The set CS(X, ^M) cannot consist of a single point Pi. 

Proof. Suppose that the singularities of the log pair {X, ^A4) are terminal in the outside the 
singular point Pi. Let Ei be the exceptional divisor of a^. Then, the set CS(C/i, ^A^c/.) contains a 
line Z C Ei^F^hy Lemmas [OM] and [0221 But this is a contradiction because of Lemma fO.2.31 

□ 
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Lemma 1.1.3. // the set C§>{X, ^M) contains the points Pi and Q, then M = \ — Kx\- 

Proof. Let Gi be the exceptional divisor of Then, A^y^ ~q —nKyi by Lemma 10.2.61 which 
imphes that every member of the pencil M.Yi is contracted to a curve by the morphism rji. 
In particular, the base locus of A^y^ does not contain curves that are not contracted by rji. 
Therefore, the set CS(li,-A^y-) contains the singular point Oj of the surface Gi = P(l,l,2) 
due to Theorem 10.2.41 and Lemma I0.2.7[ 

Let TTj : Wi Yihe the Kawamata blow up at the point Oi with weights (1, 1, 1) and D be 
a general surface of the pencil | — Kx\- The base locus of the pencil | — K\Y^^ consists of the 
irreducible curve Cwi- The surface D^r^ is normal and C^, = — ^ on the surface -DvK, j which 
implies that Mwi = \ - Kw, \ by Theorem [0. 2. 9[ □ 

Lemma 1.1.4. The log pair {Uq, ^Muo) is terminal in the outside of the singular point O of 
the exceptional divisor of the hirational morphism Pq. 

Proof. Let Eq be the exceptional divisor of the birational morphism Pq. Suppose that the log pair 
(C/q, ^Muo) is not terminal in the outside of the singular point O. Then, the set C§>{Uo, ^-^Uo) 
consists of the point O and an irreducible curve L <Z Eq = P(1, 1, 2) such that L € |Op(i,i,2)(l)l- 
The threefold X can be given by the equation 

w^z + w/s (x, y, z, t) + /s (x, y, z, t) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Moreover, we may assume that the 
curve L is cut out on the surface Eq by the surface Suo- 

Let V be the pencil on X cut out on the threefold X by the pencil Xx^ + = 0, where 
(A : ^) G P^. Then, the base locus of V consists of the irreducible curve C cut by the equations 
X = z = Q. 

The base locus of the linear system Vuq consists of the irreducible curves L and Cuq- A 
general surface D in Vjjo is normal. Moreover, we have 



M 



Uo 



^ = -nKuo 



D 



nSuo ^ =n{L + Cuo) 



by Lemma [0.2.61 On the other hand, we have Suq ■ D = L + Guq and Eq- D = 2L, which implies 
that = — I on the surface D. The latter together with the equality multi(7W[/(,) = n 
easily implies that Muo — due to Theorem 10.2.91 We obtain n = 2, but D is normal and 
multi(D) ^ 2, which is a contradiction. □ 

Proposition 1.1.5. The linear system \ — Kx\ is the only Halphen pencil on X. 

Proof. By the previous arguments, we have only to consider the case when 

c^[x,^M^ = {g} 

Then, Myq ~q —nKyQ, which implies that every member of the pencil is contracted to 

a curve by the morphism ryo- In particular, the base locus of the pencil My^ does not contain 
any curves by Lemma 11.1.41 Thus, the singularities of the log pair {Yq, ^M.Yo) are terminal by 
Lemma |0.2.7| which is impossible by Theorem 10.2.41 □ 



1.2. Cases 3 = 9, 11, and 30. 

We first consider the case 3 = 9. The variety X is a general hypersurface of degree 9 in 
P(l,l,2,3, 3) with —K^ = ^. The singularities of the hypersurface X consist of one point O 
that is a quotient singularity of type ^(1, 1, 1) and three points Pi, P2 and P3 that are quotient 
singularities of type |(1, 1,2). 
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We have the fohowing commutative diagram: 



W 




X - -P(l,l,2), 

w 

where 

• ^ is the natural projection, 

• a is the composition of the Kawamata blow ups at the points Pi, P21 -P3 with weights 
(1,1,2). 

• is an elliptic fibration. 

There is another elliptic fibration as follows: 



V 




X ---P(l,l,3), 

where 

• TT is the Kawamata blow up at the point O with weights (1, 1, 1), 

• ??o is an elliptic fibration. 

It follows from Lemma 10.3.31 that the set CS(X, ^M) does not contain smooth points of 
the hypersurface X. Moreover, if it contains a curve then we obtain M = \ — Kx\ from 
Corollary 10.3.81 Therefore, we may assume that 

Lemma 1.2.1. The set CS(X, does not consist of the point O. 

Proof. Suppose that the set C§(X, ^M.) consists of the point O. Then, My ~q —uKy by 
Lemma |0.2.6| which implies that every member in the pencil is contracted to a curve by 
the morphism 770- In particular, the set C§(y, ^A^y) does not contain curves. On the other 
hand, the set CS(y, ^My) is not empty by Theorem l0.2.4[ Hence, the set CS(y, ^A^y) contains 
a point of the exceptional divisor of tt, which is impossible by Lemma 10.2.71 □ 

Note that the base locus of | — Kx\ consists of the irreducible curve C cut by x = y = 0. 

Lemma 1.2.2. If the set CS(X, contains the points O and Pi, then M. = \ — Kx\- 

Proof. Let f3i : Wi ^ V he, the Kawamata blow up with weights (1,1,3) at the point whose 
image to X is the point Pi. Then, | — K\y.\ is the proper transform of the pencil | — Kx\ 
and the base locus of | — K\y^ \ consists of the irreducible curve Cy/^ . One can easily see that 
—K\Y^ ■ < 0. On the other hand, we have ^Awi ~Q —nK]y^ by Lemma [0.2.61 which implies 
that Mw, = \- Kw, \ by Theorem □ 

Therefore, we may further assume that 

0^Cs(^X,^m) C {Pi,P2,P3}. 

Let ai : Ui ^ X he the Kawamata blow up at the point Pj and Pj be the exceptional divisor 
of Oi. The exceptional divisor Pj contains a singular point Qi that is a quotient singular point 
of the threefold Ui of type ^(1, 1, 1). 

Lemma 1.2.3. // the set C§(C/j, ^Mui) contains the point Qi, then A4 = \ — Kx\- 
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Proof. Let Pi : Yi ^ Ui he the Kawamata blow up at the point Qj. Then, | — Ky^l is the proper 
transform of the pencil | — Kx \ and the base locus of | — \ consists of the irreducible curve 
Cy. . Also, we have —Ky^ • C < 0. On the other hand, ~Q —nKyi by Lemma 10.2.61 which 
implies that A^y^ = | — Ky^l by Theorem 10.2.91 Hence, we obtain A4 = \ — Kx\- D 

Thus, it follows from Lemma [0.2.71 that we may assume that the set C§(C/j, ^Mui) does not 
contain subvarieties of Fi in the case when the set C§(X, ^A4) contains the point Pi. 

Lemma 1.2.4. The set CS{X, ^^M) does not consist of the point Pi. 

Proof. Suppose that the set C§(X, ^A4) consists of the point Pi. Then, TWc/. ~q —uKjj. by 
Lemma To. 2. 61 which implies that the set CS(C/i, ^M.Ui) is not empty by Theorem 10. 2. 41 because 
the divisor —KJJ^ is nef and big. Therefore, the set CS(f/j, -M.JJ^) must contain a subvariety of 
Gi, which is impossible by our assumption. □ 

Proposition 1.2.5. If2 = 9, then the linear system \ — Kx\ is the only Halphen pencil on X . 

Proof. By the proof of Lemma 11.2.41 we may assume that C§{X,^M) = {PuP2,P3}, which 
implies that M.w ~q —nKw by Lemma [0.2.61 Therefore, the set CS(W, ^A4w) niust contain 
a subvariety of an exceptional divisor of a by Theorem 10.2.41 which is impossible, because 
we assumed that the set C§>{Ui, ^Mui) does not contain subvarieties of Fi. The obtained 
contradiction concludes the proof. □ 

For the case "} = 30, let X be a general hypersurface of degree 16 in P(l,l,3, 4, 8) with 
—K^ = |. The singularities of X consist of one point O that is a quotient singularity of type 
^(1, 1, 2) and two points Pi, P2 that are quotient singularities of type |(1, 1, 3). 

We have the following commutative diagram: 



W 




X - -P(l,l,3), 

v 

where 

• ^ is the natural projection, 

• a is the composition of the Kawamata blow ups at the points Pi and P2 with weights 
(1,1,3). 

• ?7 is an elliptic fibration. 

There is another elliptic fibration as follows: 



V 




X ---P(l,l,4), 

where 

• TT is the Kawamata blow up at the point O with weights (1, 1, 2), 

• r]Q is an elliptic fibration. 

Proposition 1.2.6. If2 = 30, then the linear system | — Kx\ is the only Halphen pencil on X. 
Proof. The proof is the same as the case 2 = 9. □ 

In the case 2 = 11, the threefold X is a general hypersurface of degree 10 in P(l, 1,2,2,5) 
with —K'^ = i. Its singularities consist of five points -Pi, • • • , -P5 that are quotient singularities 
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of type 2(1, 1, !)• For each singular point Pi, we have an elliptic fibration as follows: 



Ui 




X - P(l,l,2), 

SI 

where 

• TTi is the Kawamata blow up at the point Pi with weights (1, 1, 1), 

• r]i is an elliptic fibration. 

Proposition 1.2.7. If2= 11, the linear system \ — Kx\ is a unique Halphen pencil on X. 

Proof. If the set CS(X, ^A4) contains a curve, then we obtain = \ —Kx \ from Corollary l0.3.8[ 
Thus, we may assume that 

Cs(^X,^m) C {^1,^2,^3,^,^5} 

by Lemma 10.3.31 Furthermore, it cannot consist of a single point by Lemmas 10.2.31 and 10.2.71 
Therefore, it contains at least two, say Pi and Pj, of the five singular points. Let tt : U ^ Ui 
be the Kawamata blow up at the singular point whose image to X is the point Pj. Then, the 
pencil I — KjjI is the proper transform of the pencil | — Kx\ and its base locus consists of the 
irreducible curve Cu- Because —Kjj ■ Cu < and ^Au ~q —nKjj, Theorem 10.2.91 completes the 
proof. □ 



1.3. Case 2 = 12, hypersurface of degree 10 in P(1, 1,2,3,4). 

The threefold X is a general hypersurface of degree 10 in P(l,l,2,3,4) with -K^ = ^. The 
singularities of the hypersurface X consist of two singular points that are quotient singularities 
of type ^(1, 1, 1), one point P that is a quotient singularity of type ^(1, 1, 2), and one point Q 
that is a quotient singularity of type |(1, 1,3). 

We have the following commutative diagram: 




X" 

where 

• ^ is the natural projection, 

• ap is the Kawamata blow up at the point P with weights (1, 1, 2), 

• ag is the Kawamata blow up at the point Q with weights (1, 1, 3), 

• /3q is the Kawamata blow up with weights (1,1,3) at the point whose image by the 
birational morphism ap is the point Q, 

• /?p is the Kawamata blow up with weights (1,1,2) at the point whose image by the 
birational morphism ag is the point P, 

• /3o is the Kawamata blow up with weights (1,1,2) at the singular point O of the variety 
Uq that is a quotient singularity of type |(1, 1,2) contained in the exceptional divisor 
of the birational morphism (Xq , 
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• 7p is the Kawamata blow up with weights (1,1,2) at the point whose image by the 
birational morphism uq o f3o is the point P, 

• 7o is the Kawamata blow up with weights (1, 1,2) at the singular point of the variety 
UpQ that is a quotient singularity of type |(1, 1, 2) contained in the exceptional divisor 
of the birational morphism /3q, 

• ry is an elliptic fibration. 

The hypersurface X can be given by the equation 

w^z + /6(x, y, z, t)w + fio{x, y, z, t) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Moreover, there is a commutative 
diagram 




P(l,l,2,3) -P(l,l,2), 

where 

• and X ^re the natural projections, 

• TT is a birational morphism, 

• w is a double cover of P(l, 1, 2, 3) ramified along a surface R of degree 12. 
The surface R is given by the equation 

h{x, y, z, tf - 4z/io(x, y, z, t) = C P(l, 1, 2, 3) ^ Proj(C[x, y, z, t\) , 

which implies that the surface R has exactly 20 ordinary double points given by the equations 
z = /e = /lo = 0. Thus, the morphism vr contracts 20 smooth rational curves Ci,--- , C20 
to isolated ordinary double points of the variety W that dominate the singular points of R in 
P(l,l,2,3). 

Proposition 1.3.1. The linear system j — Kx\ is a unique Halphen pencil on X. 

Suppose that M. ^\ — Kx\- Let us show that this assumption leads us to a contradiction. 
It follows from Corollary 10.3.81 and Lemmas 10.3.31 10.3.111 that 

Lemma 1.3.2. The set CS{Uq, ^A^c/q) cannot contain a curve. 

Proof. Suppose that the set CS{Uq, ^^AuQ) contains an irreducible curve Z. Let G be the 
exceptional divisor of the birational morphism ag. Then, G = P(l, 1, 3) and Z C G. Moreover, 
it follows from Lemma 10.2.71 that Z is a curve in the linear system \Op(^i 1 3)(1)| on the surface 
G. 

We consider the surface on X. Let Z' be the curve 5"^^ PlG. Then, the surface contains 
every curve Ci, but not the curve Z, and its image S^^ by the morphism vr is isomorphic to 
P(l, 1,3). The curve Z' is smooth and aglz' is a double cover. 

Because the hypersurface X is general, the surface is smooth along the curves Ci, the 
morphism tt\s^ contracts the curve to a smooth point of S?^r, and either the intersection 

Uq 

Z r\ Z' consists of two points or the point Z n Z' is not contained in U?£^Cj. 

For general surfaces Muq, in -^c/q and a general surface D in \ — GKu^l, we have 

2n^ = D- Muq ■ M'u^ > 2mult z{Muq ■ M'jj^) > 2multz(Mt/Q)multz(M^^) > 2n\ 
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which immediately imphes that the support of the cycle Mjj^ ■ M^j^ is contained in the union 
of the curve L and U?£]^Cj. Hence, we have 



20 

i=l 



where rm is a natural number and D is a pencil without fixed components. 
Let P' be a point of Z n Z' and Di, D2 be general curves in T). Then, 



multp/(Di) = mult p/ (152) ^ 
which implies that 



in the case when P' ^ \JfL^Ci, 
mi in the case when P' & Ci, 



2 20 

^ - ^m,2 = • L»2 > ^ multp/(i:'i)multp/(i:'2)- 



However, it is impossible because m? + (n — mj)^ ^ x- '-' 



The exceptional divisor Ep of ap contains a singular point Pi of Up that is a quotient 
singularity of type ^(1, 1, 1). 

Lemma 1.3.3. The set CS(C/p, ^-Mup) cannot contain the singular point Pi. 

Proof. Let ap : Vp ^ Up be the Kawamata blow up at the singular point Pi and V be the proper 
transform of the pencil | — Kx\ via the birational morphism ap o ap. Then, A4vp ~Q) —nKvp 
by Lemma 10.2.61 and 

V ~Q -Kvp ~(Q (ap o ap)*{-Kx) - ^a*p{Ep) - ^Pp, 

where Pp is the exceptional divisor of cp. Also, it has a unique base curve Cvp- On a general 
surface Svp G V, the self-intersection number Cy = —Ky is negative. Also we have 



M 



Vp 



= -nKvp 

Svp 



= nCvp , 

Svp 



which implies that A4 is the pencil | — Kx\ by Theorem 10.2.91 However, we assumed that 
M^\-Kx\. □ 

Therefore, the set CS{Up, ^^^Mup) must consist of the point Q whose image to X is the point 
Q because it is not empty by Theorem 10.2.41 and it cannot contain a curve by Lemma 10.2.31 

Meanwhile, the exceptional divisor of (3o contains a singular point Oi of Uqo that is a quotient 
singularity of type 1, 1). 

Lemma 1.3.4. The set C§(Pqo, ^-^c/qo) 

cannot contain the point Oi. 

Proof. Let ao '■ Vq ^ Uqo be the Kawamata blow up at the point Oi. Then, the pencil 
I — Kvo \ is the proper transform the pencil | — Kx\- Its base locus consists of the irreducible 
curve Cvq- Because Mvo ~Q ~nKvo —Kvq • Cvq < 0, we obtain from Theorem 10.2.91 that 
Ai = \ — Kx I , which contradicts our assumption. □ 

By the previous lemmas, we can see C^{X,^M) = {P,Q}. Furthermore, the set 
'CB{Upq,^M.jjpq) consists of the singular point of Upq contained in the exceptional divisor 
fiq. Then, the set C§(y, ^A^y) must contain the singular point contained in the exceptional 
divisor 70. In such a case. Lemma [1.3.41 shows a contradiction M = \— Kx\- 
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1.4. Case H = 13, hypersurfage of degree 11 in P(1, 1,2,3, 5). 

The threefold X is a general hypersurface of degree 11 in P(l,l,2,3,5) with -K^ = ^. It 
has three singular points. One is a quotient singularity of type ^(1, 1, 1), another is a quotient 
singular point P of type |(1, 1, 2), and the other is a quotient singular point Q of type ^(1, 2, 3). 

We have the following commutative diagram: 




where 

• ip is the natural projection, 

• ap is the Kawamata blow up at the point P with weights (1, 1,2), 

• qq is the Kawamata blow up at the point Q with weights (1, 2, 3), 

• Pq is the Kawamata blow up with weights (1,2,3) at the point whose image by the 
birational morphism ap is the point Q, 

• (5p is the Kawamata blow up with weights (1,1,2) at the point whose image by the 
birational morphism uq is the point P, 

• (3o is the Kawamata blow up with weights (1, 2, 1) at the singular point O of the variety 
Uq that is a quotient singularity of type |(1,2,1) contained in the exceptional divisor 
of the birational morphism ag, 

• 7p is the Kawamata blow up with weights (1,1,2) at the point whose image by the 
birational morphism aq o f3o is the point P, 

• 7o is the Kawamata blow up with weights (1, 2, 1) at the singular point of the variety 
UpQ that is a quotient singularity of type |(1,2, 1) contained in the exceptional divisor 
of the birational morphism /?q, 

• ?7 is an elliptic fibration. 

Note that the base locus of the pencil | — Kx\ consists of the irreducible curve C defined by 
X = y = 0. 

It follows from Corollary 10.3.81 and Lemmas 10.3.31 10.3.111 we may assume that CS(X, iM) c 
Lemma 1.4.1. IfC§{X, ^M) = {P}, then M = \ - Kx\. 

Proof. It follows from Theorem 10.2.41 that the log pair {Up, Mup) is not terminal at the singular 
point Pi contained in the exceptional divisor of ap. 

Let /?! : Wp — > Up be the Kawamata blow up at the singular point Pi with weights (1, 1, 1). 
Then, the pencil | — Kwp \ is the proper transform of | — Kx\- It has a unique irreducible base 
curve Cwp- We have —Kwp ■ Cwp = —K^/^ = ~To ^^'^ -^Wp ~(Q —nKwp- Therefore, we 
obtain A4 = \ — Kx\ from Theorem 10.2.91 □ 

The exceptional divisor E = P(l,2,3) of the birational morphism aq contains two singular 
points O and O2 of types |(1, 2, 1) and |(1, 1, 1), respectively. We denote the unique irreducible 
curve in |C'p(i_2,3)(l)| on E by L. 

Lemma 1.4.2. // the set CS{Uq, ^-M-Uq) contains the point O2, then A4 = \ — Kx\- 
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Proof. Let P2 '■ Wq — > Uq be the Kawamata blow up at the point O2 with weights (1, 1, 1). The 
pencil I — Kwq \ is the proper transform of | — Kx \ ■ It has exactly two irreducible base curves 
Cwo s-iid Lw„. On a general surface D in the pencil | — K\Yr,\, we have 



L 



Wq 



3' ^Wq 



'g' ■ Cwq 



The surface D is normal. The curves Cwq and Lw^ form a negative-definite intersection form 

nCwq + nLw^ by Lemma 10.2.61 Therefore, we obtain 

□ 



on D. On the other hand, J^Wq\d 
X = I - i^^l by Theorem [OMl 

Lemma 1.4.3. // the set CS{Uqo, ^Muqq) 
exceptional of (3o > then J\/[ = \ — Kx \ ■ 



contains the singular point O3 contained in the 



Proof. Let 71 : Wqq — > Uqo be the Kawamata blow up at the point O3 with weights (1, 1, 1). 
Then, the pencil | — K\Yqq \ is the proper transform of the pencil | — Kx\- It has exactly two 



irreducible base curves Cwqo and Lwqq ■ 



L 



On a general surface D in 
5 



Kw, 



QO I 



we have 



3 

Wqo = ~2' ^ ~6' """'5° 



Cwo 



1. 



The surface D is normal. On the other hand, MwqoId = nCwgo + "--^vygo Lemma [0.2.61 
Since the curves Cwqq and Lw^^ form a negative-definite intersection form on the normal 
surface D, it follows from Theorem 10.2.91 that M = \ — Kx\- D 

Proposition 1.4.4. If'} = 13, then M = \— Kx\- 

Proof. Due to the previous lemmas, we may assume that 

1 



€.^[X,-M 
n 



P, 



q]- 



Following the weighted blow ups Y Uqo Uq — > X and using Lemmas 11.4.21 and 11.4.31 
we can furthermore assume that the set CS(y, -My) contains the singular point contained the 
exceptional divisor of the birational morphism 7p. The statement then follows from the proof 
Lemma ll.4.1[ □ 



1.5. Cases 2 = 15, 17, and 41. 

We are to prove the following: 

Proposition 1.5.1. If 2 = 15, 17, or 41, then the linear system 
pencil on X. 



Kx\ is a unique Halphen 



We consider the case of H = 15. Let X be the hypersurface given by a general quasihomo- 
geneous equation of degree 12 in P(l,l,2,3,6) with -Kjr = \. Then, the singularities of X 
consist of two singular points P and Q that are quotient singularities of type i(l, 1, 2) and two 



points of type 2 (l, 1, 1) 



We have a commutative diagram 

V- 




1,1,2), 



X- 



where 



• ^ is the natural projection, 

• TTp is the Kawamata blow up at the point P with weights (1,1,2), 

• TTQ is the Kawamata blow up at Q with weights (1, 1, 2), 
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• fjQ is the Kawamata blow up with weights (1, 1, 2) at the point Qi whose image by the 
birational morphism vrp is the point Q, 

• fjp is the Kawamata blow up with weights (1,1,2) at the point Pi whose image by the 
birational morphism ttq is the point P, 

• ?7 is an elliptic fibration. 

The set CS(X, ^A4) is nonempty by Theorem I0.2.41 If it contains either a singular point of 
type ^(1,1,1) on X or a curve, then the identity A4 = \ — Kx \ follows from Lemma [OiilT] and 
Corollary 10.3.81 respectively. Furthermore, we may assume that 



:8{X,-M 
n 



C P, 



due to Lemma 10.3.31 Suppose that the set CS(X, ^M) contains the point P. The exceptional 
divisor Ep of vrp contains a singular point O of type ^(1, 1, 1). 

Lemma 1.5.2. // the set C§(Yp, ^Myp) contains the singular point O, then M = \ — Kx\- 

Proof. Let a : W ^ Yp be the Kawamata blow up at the point O with weights (1, 1, 1). The 
linear system | — Kw\ is the proper transform of the linear system | — Kx\- It has a single base 



curve Cw- On a general surface Dw in 
is normal. Meanwhile, we have 



Kw\, we have 



3- 



Note that the surface Dw 



M 



w 



Dw 



-nKw 



Dw 



nCw- 



Therefore, it follows from Theorem 10.2.91 that the pencil Ai coincides with | — Kx\- 



□ 



Therefore, we may assume that the set C§(Yp, ^M-Yp) consists of the single point Qi. Then, 
we may assume that the set CS(F, ^My) contains the singular point of type ^(1, 1, 1) that is 
contained in the exceptional divisor of cjq . We can then show M = \ — Kx \ as in the proof of 
Lemma ll.5.21 

With the exactly same way as above, we can show that = I - /sTxl if the set CS(X, ^M) 
contains the point Q. 

Now, we consider the case of J = 41. Let X be the hypersurface given by a general quasiho- 
mogeneous equation of degree 20 in P(l, 1, 4, 5, 10) with —K^ = Then, it has two singular 
points P and Q that are quotient singularities of type i(l, 1, 4) and two singular points of type 

i(l,l,l). 

We have a commutative diagram 



1,1,4), 




where 



X- 



%[) is the natural projection, 

TTp is the Kawamata blow up at the point P with weights (1, 1,4), 
ttq is the Kawamata blow up at Q with weights (1, 1,4), 

UQ is the Kawamata blow up with weights (1, 1,4) at the point Qi whose image by the 
birational morphism vrp is the point Q, 

cTp is the Kawamata blow up with weights (1, 1,4) at the point Pi whose image by the 
birational morphism vrg is the point P, 
?7 is an elliptic fibration. 



26 



IVAN CHELTSOV AND JIHUN PARK 



Using the exactly same method as in the case H = 15, one can show that = | — Kx\- 

For tlie case 2 = 17, let X be the hyper surf ace given by a general quasihomogeneous equation 

of degree 12 in P(l,l,3,4, 4) with —K'^ = i. Then, it has three singular points Pi, P2, and P3 

that are quotient singularities of type ^(1, 1, 3). 

In this case, we have the following commutative diagram: 



where 

• ip is the natural projection, 

• TT is the Kawamata blow up at the points Pi, P2, and P3 with weights (1,1,3), 

• 77 is and elliptic fibration. 

Even though three singular points are involved in this case, the same method as in the previous 
cases can be applied to obtain A4 = \ — Kx \ ■ 

1.6. Case 1 = 16, hypersurface of degree 12 in P(1, 1,2,4, 5). 

The threefold X is a general hypersurface of degree 12 in P(l, 1, 2, 4, 5) with ~Kjr = ^. Its 
singularities consist of three quotient singularities of type ^(1, 1, 1) and one point O that is a 
quotient singularity of type |(1, 1,4). 

There is a commutative diagram 

13 7 
Y 

v 

X -P(l,l,2) 

w 

where 

• ^ is the natural projection, 

• a is the Kawamata blow up at the point O with weights (1, 1,4), 

• (3 is the Kawamata blow up with weights (1,1,3) at the singular point of the variety U 
that is contained in the exceptional divisor of a, 

• 7 is the Kawamata blow up with weights (1,1,2) at the singular point of W that is 
contained in the exceptional divisor of /3, 

• ?7 is an elliptic fibration. 

The hypersurface X can be given by the equation 

w^z + /7(x, y, z, t)w + fi2{x, y, z, t) = 0, 
where fi is a quasihomogeneous polynomial of degree i. Moreover, there is commutative diagram 



(1,1,2), 



where 

• ^ and X are the natural projections, 

• TT is a birational morphism, 
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• w is a double cover of P(l, 1, 2, 4) ramified along a surface R of degree 12. 
The surface R is given by the equation 

fr{x, y, z, tf - 4zfu{x, y,z,t) = 0c P(l, 1, 2, 4) ^ Proj {C[x, y, z, t]) , 

which implies that R has 21 isolated ordinary double points, given by the equations z = fj = 
fi2 = 0. The morphism vr contracts 21 smooth rational curves Ci,C2,-- - , C21 to isolated 
ordinary double points of V which dominate the singular points of R. 

Proposition 1.6.1. The linear system | — Kx\ is a unique Halphen pencil on X. 

To prove Proposition 11.6.1^ due to Corollary 10.3.81 and Lemmas 10.3.31 and 10.3.11^ we may 

assume that 

cs{x.'-m) = {o}. 

Let E be the exceptional divisor of the birational morphism a. It contains one singular point 
P of [/ that is a quotient singularity of type |(1, 1, 3). The surface E is isomorphic to P(l, 1, 4). 
The set CS(C/, -M.u) contains the point P by Theorem 10.2.41 and Lemma 10.2.71 Furthermore, 
the following shows it consists of the point P. 

Lemma 1.6.2. The set C§(C/, j^Mu) cannot contain a curve. 

Proof. Suppose that the set C§(?7, -Mu) contains a curve Z. Then, Z is contained in the 
surface E. Furthermore, it follows from Lemma 10.2.71 that Z is a curve in the linear system 
P(i,i,4)(l)l- Therefore, for a general surface M in A^, we have 

■E] = Z 



Supp(^M(7 



because Mu\e ~q |Op(i,i,4)('t-)| and multz(M[/) > n. 

Let Mjj be a general surface in A4u and D be a general surface in | — 4A'[/|. Then, 



n 



2 



D- Mu ■ M[j> mult^(M;7 • M[j) > multz(M[/)multz(M^) > n^ 



which implies that mnlt l{Mij ■ M[j) = and 



21 

Supp(Mt;-M^) CZuJCi. 



=1 

We consider the surface . The image Sy of Sfj to V is isomorphic to P(l, 1, 4). The surface 
does not contain the curve Z due to the generality in the choice of X, but it contains every 
curve Ci. Moreover, the surface is smooth along the curves Ci and the morphism T^\sfj 
contracts the curve Ci to a smooth point of Sy. Hence, we have 

21 



Mu 



P + ^ mid, 

i=l 

where nii is a natural number and D is a pencil without fixed components. Therefore, the 
inequality rrij > implies that Cj fl Z 7^ and there is a point P' of the intersection Z fl Sfj 
that is different from the singular point P. We may assume that mi > 0. Let Di and D2 be 
general curves in T>. Then, 

in the case when P' ufiiQ, 
- mi in the case when P' ^ Ci, 



multp/(L'i) = mult p/ (1^2) ^ 



and the curves Di and D2 pass through the point P because the point P is a base point of the 
pencil Mu- Therefore, we have 

2-21 2 
^ Tit 

— -22^1 = ■ D2 > multp(i:'i)multp(i:'2) > (n - mi)^ > ^ - mj, 
which is a contradiction. □ 
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Let F be the exceptional divisor of the birational morphism /?. It contains the singular point 
Q of W that is a quotient singularity of type 1, 2). The set CS(VF, ^J^w) consists of the 
singular point Q by Theorem 10.2.41 Lemmas 10.2.71 and 10.2. 3[ 

Let G be the exceptional divisor of 7 and Qi be the unique singular point of G. The set 
C§>{Y, ^A4y) must consist of the point Qi by Theorem 10.2.41 and Lemma [0.2.71 because every 
member in My is contracted to a curve by the morphism 77. 

Let (T : Vi — J- y be the Kawamata blow up at the point Qi. Then, Aivi ~q —nKvi by 
Lemma 10.2.61 the linear system | — Ky^ \ is the proper transform of the pencil | — Kx \ , and the 
base locus of the pencil | — i^vi I consist of the curve Gvi ■ Therefore, the inequality —Ky^ - Gvi < 
implies A4 = \ — Kx \ by Theorem 10.2.91 



1.7. Cases "2 = 20 and 31. 

First, we consider the case 2 = 20. The threefold X is a general hypersurface of degree 13 in 
P(l, 1,3,4,5) with —K"^ = It has three singular points. One is a quotient singularity P of 
type i(l, 1, 3), another is a quotient singularity Q of type i(l, 1, 4), and the other is a quotient 
smg ularity Q' of type ^(1,1,2). 

There is a commutative diagram 



1,1,3), 




where 

• is the natural projection, 

• ap is the Kawamata blow up at the point P with weights (1, 1,3), 

• oq is the Kawamata blow up at the point Q with weights (1, 1,4), 

• Pq is the Kawamata blow up with weights (1,1,4) at the point whose image to X is the 
point Q. 

• Pp is the Kawamata blow up with weights (1, 1, 3) at the point whose image to X is the 
point P 

• Po is the Kawamata blow up with weights (1, 1, 3) at the singular point O of Uq contained 
in the exceptional divisor of ag, 

• 7p is the Kawamata blow up with weights (1, 1,3) at the point whose image to X is the 
point P 

• 70 is the Kawamata blow up with weights (1, 1, 3) at the singular point of Upq contained 
in the exceptional divisor of /3q, 

• ?7 is an elliptic fibration. 

There is a rational map : X --->■ P(l, 1,4) that gives us another commutative diagram 



1,1,4), 




HALPHEN PENCILS ON WEIGHTED FANO THREEFOLD HYPERSURFACES 



29 



where 

• aqi is the Kawamata blow up at the point Q' with weights (1, 1, 2), 

• oq is the Kawamata blow up at the point Q with weights (1, 1,4), 

• 7q is the Kawamata blow up with weights (1,1,4) at the point whose image to X is the 
point Q, 

• 7q/ is the Kawamata blow up with weights (1, 1, 2) at the point whose image to X is the 
point Q' , 

• 770 is an elliptic fibration. 

It follows from Lemma 10.3.31 that the set CS(X, -M) does not contain smooth points of the 
hypersurface X. Moreover, Corollary 10.3.81 implies that Ai = \ — Kx\ in the case when the set 
C§(X, \M.) contains a curve. We assume that the set C§(X, does not contain a curve, 

which implies that M^\-Kx\- Then, CS(X, ^M) C {P, Q, Q'}. 

Lemma 1.7.1. The set CS(X, does not contain both the points Q and Q' . 

Proof. Suppose that the set C§(X, contains both the points Q and Q' . Then, Jviy ~q 

—nKy, which implies that every member in the pencil My is contracted to a curve by the 
elliptic fibration 7]q. 

Let -Pi, P2, P3 be the singular points of Y whose image to X are the points Pi, P2, P3, 
respectively. Then, 

C§(Y,^My')n{PuP2,P3} ^0 

by Theorem 10.2.41 and Lemma 10.2.71 

Let ttq : Wq Y he the Kawamata blow up of the point Pi that is contained in the set 
C§(y, ^A4y) and D be a general surface in | — K\Yq\- Then, | — K\Yq \ is the proper transform 
of the pencil | — Kx \ and the base locus of the pencil | — K\Yq \ consists of the irreducible curve 
Cwq- We can easily check D ■ Cwq < 0. Hence, we obtain M. = \ — Kx\ by Theorem 10.2.91 
because Mwq ~q by Lemma [0.2.61 But it is impossible by our assumption. □ 

Lemma 1.7.2. The set CS(X, does not contain both the points P and Q' . 

Proof. Suppose that the set CS(X, ^M.) contains both the points P and Q' . Let up : Wp Up 
be the Kawamata blow up at the point whose image to X is the point Q' . Then, | — K\Yp\ is 
the proper transform of the pencil | — Kx\, the base locus of the pencil | — Kwp \ consists of the 
irreducible curve Cwp, and D ■ Cwp = Hence, = | — Kx\ by Theorem 10.2.91 because 

Aiwp ~(Q iT'D by Lemma 10.2.61 But it is impossible by our assumption. □ 

Lemma 1.7.3. The set CS{X, ;^A^) cannot consist of a single point. 

Proof. Suppose that the set C§(X, ^M) consists of the point P. Then, A4up ~(Q —uKjjp 
by Lemma 10.2.61 Hence, it follows from Theorem 10.2.41 Lemmas 10.2.71 and 10.2.31 that the set 
CS{Up, ^-M-Up) consists of the singular point Pi of Up contained in the exceptional divisor of 
ap. 

Let ap : Vp ^ Up he the Kawamata blow up at the singular point Pi. Then, Aivp ~q —nKvp 
by Lemma lO. 2. 61 Let P* be a general surface of the pencil | — Kvp\. The proper transform Cvp 
is the unique base curve of the pencil | — Kvp \ and D ■ Cvp < 0. Hence, we have M. = \ — Kx \ by 
Theorem 10.2.91 because A4vp ~(Q) n-D by Lemma [0.2.61 But it is impossible by our assumption. 

In the exactly same way, we can show that the set CS(X, -A4) cannot consist of the point 
Q'. 

Suppose that the set CS(X, ^M) consists of the point Q. Then, Mfj^ ~(q —uKu^ 
by Lemma 10.2.61 It follows from Theorem 10.2.41 Lemmas 10.2.71 and 10.2.31 that the set 
C§(Pq, ^-M-Uq) consists of the singular point O. The divisor —Kjj^q is nef and big, and hence 
it follows from Theorem 10.2.41 and Lemma 10.2.71 that the set C^{Uqo,\M.Uqo) contains the 
singular point Oi of the variety Uqq contained in the exceptional divisor of the l3o- 
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Let o"o : Vo — > Uqq be the Kawamata blow up at the singular point Oi. Then, M.Vo 
—riKvo by Lemma [0.2 .61 Let H hea general surface of the pencil | — -fCvb I- The proper transform 
Cvq is the unique base curve of the pencil | — Kvq \ and H ■ Cy^ = ~ ^ > which is impossible by 
Theorem [0.2.91 because M Kx\- □ 

Consequently, we see that CS(X, }-^M) = {P,Q}. Then, MupQ ~q -nKupQ by Lemma[aM] 
and it follows from Theorem l0.2.4l and Lemma fO . 2 . 71 that the set CS(C/pQ, -Mpq) contains either 
the singular point Q2 of the variety Upq contained in the exceptional divisor of the birational 
morphism [jq or the singular point P2 of the variety Upq contained in the exceptional divisor 
of/3p. 

Lemma 1.7.4. The set CS{Upq, ^-Mupq) does not contain the point P2. 

Proof. Note that the point P2 is a quotient singularity of type ^(1, 1, 2) on Upq. 

Suppose that the set CS(C/pQ, ^-Mupq) contains the point P2. Let vr : Vpq — > Upq be the 
Kawamata blow up at the point P2 and D be a general surface of the pencil | — Kypg\. 

Then, the proper transform CvpQ is the unique base curve of the pencil | — Kvpq\. Because 
MvpQ ~Q) —nKw by Lemma [0.2.61 and D ■ Cvpg = — it follows from Theorem 10.2.91 that 
= I — Kx\- But it is impossible by our assumption. □ 

Therefore, it follows from Lemma [0.2.31 that the set CS(C/pQ, ^Mupq) consists of the singular 
point Q2. In particular, we have My ~Qi —nKy, which implies that each surface in the pencil 
A^v is contracted to a curve by the elliptic fibration r/Q. 

Let Q3 be the singular point of V that is contained in the exceptional divisor of 70- It is 
a quotient singularity of type ^(1,1,2). Theorem 10.2.41 and Lemma 10.2.71 implv that the set 
C§(y, ^Mv) contains the point Q3. 

Let TT : W ^ V he the Kawamata blow up at the point Q3 and D he a general surface in 
I — Kw\. Then, | — K\y\ is the proper transform of the pencil | — Kx\ and the base locus of 
the pencil | — Kw\ consists of the irreducible curve Cw- Then, Ai = \ — Kx\ by Theorem 10.2.91 
since Mw ~Q by Lemma [0.2.61 and D ■ Cw < 0. The obtained contradiction concludes the 
following: 

Proposition 1.7.5. If} = 20, then the linear system \ — Kx\ is the only Halphen pencil on X . 

From now, we consider the case H = 31. The threefold X is a hyper surf ace of degree 16 in 
P(l,l,4,5,6) with -K^ = ^. The singularities of X consist of one quotient singularity of type 
^(1, 1, 1), one singular point P that is a quotient singularity of type ^(1, 1,4), and one singular 
point Q that is a quotient singularity of type |(1, 1, 5). 

There is a commutative diagram 




where 

• ip is the natural projection, 

• Op is the Kawamata blow up at the point P with weights (1, 1,4), 

• aq is the Kawamata blow up at the point Q with weights (1, 1, 5), 
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• (3q is the Kawamata blow up with weights (1,1,5) at the point whose image to X is the 
point Q. 

• (3p is the Kawamata blow up with weights (1, 1, 4) at the point whose image to X is the 
point P 

• (3o is the Kawamata blow up with weights (1, 1, 4) at the singular point O of Uq contained 
in the exceptional divisor of ag, 

• 7p is the Kawamata blow up with weights (1,1,4) at the point whose image to X is the 
point P 

• 7o is the Kawamata blow up with weights (1, 1,4) at the singular point of Upq contained 
in the exceptional divisor of /3q, 

• 77 is an elliptic fibration. 

The hypersurface X can be given by the equation 

t^w + tfii{x,y,z,w) + fiQ{x,y,z,w) = 0, 

where fi{x,y,z,w) is a general quasihomogeneous polynomial of degree i. Consider the linear 
system on X defined by the equations 

6 
i=0 

where (/i : Aq : Ai : A2 : A3 : A4 : A5 : Ag) G P^- It gives us a dominant rational map 
^ : X P(l, 1,6) defined in the outside of the point P. The normalization of a general fiber 
is an elliptic curve. Therefore, we have another elliptic fibration as follows: 



Up^ Y 



OLp 



X ^- -P(l,l,6), 



where 



• ap is the Kawamata blow up at the point P with weights (1, 1,4), 

• /? is the Kawamata blow up with weights (1, 1,3) at the singular point of the variety Up 
that is a quotient singularity of type |(1, 1, 3), 

• r]Q is an elliptic fibration. 

Proposition 1.7.6. //J = 31, then the linear system \ — Kx\ is the only Halphen pencil on X . 

If the set CS{X, y^A4) contains either the singular point of type ^(1,1,1) or a curve, we 
obtain the identity M = \ — Kx \ from Lemma 10.3.111 and Corollary IU.3.81 Therefore, due to 
Lemma 10.3.31 we may assume that CS(X, -7V4) C {P, Q}. 

The proof of Proposition 11.7.6] is similar to that of Proposition 1 1 . 7. 5l In the case H = 31, we 
do not need Lemmas II. 7. II and II. 7. 21 The only different part is Lemma ll.7.31 However, it works 
for the point Q in the case H = 31 as well. Thus, the following lemma will complete the proof. 

Lemma 1.7.7. // the set C§(X, consists of the point P, then A4 = \ — Kx\- 

Proof. Suppose that the set CS(X, ^Ai) consists of the point P. Then, the set CS(C/p, ^Aiup) 
consists of the singular point Pi of Up contained in the exceptional divisor of ap because of 
Lemmas 10.2.31 and 10.2.71 Furthermore, the set C§(y, -A4y) must contain the singular point 
contained in the exceptional divisor of (3 by Theorem 10.2.41 Consider the Kawamata blow up at 
this point and apply the same method for Lemma [1.7.31 to get Ai = \ — Kx\- □ 
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1.8. Cases :i = 21, 35, and 71. 

Suppose that 2 £ {21, 35, 71}. Then, the threefold X C P(l, ai, a2, as, a^) always contains the 
point O = (0 : : : 1 : 0). It is a singular point of X that is a quotient singularity of type 
^(1, l,a4 - as). 

We also have a commutative diagram as follows: 

/3 

w 

V 



X --P(l,l,a2), 

w 



where 



• a is the Kawamata blow up at the point O with weights (1, 1, 04 — as), 

• /? is the Kawamata blow up with weights (1, 1, a4 — as — 1) at the point P oi U that is 
a quotient singularity of type ^^i^^ (1, 1, 04 — as — 1), 

• 77 is an elliptic fibration. 

By Lemma E^ZIl if the set C§{X, ^M) contains a singular point of X different from the 
singular point O, then the identity A4 = \ — Kx\ holds. Moreover, if it contains a curve, then 
Corollarv IU.3.81 implies = | — Kx\- Therefore, we may assume that 



n 

due to Theorem 10.2.41 and Lemma 10.3.31 

The exceptional divisor E = P(l,l,a4 — as) of a contains one singular point P that is a 
quotient singularity of type ^^j*^^^ (1, 1, 04 — as — 1). 

Lemma 1.8.1. The set C§(C/, ^A^c/) cannot contain a curve. 

Proof. Suppose that the set CS{U, ^Alf/) contains a curve Z. Then, Lemma [0.2.71 implies that 
Z € |Cp{i,i,a4-a3)(l)l5 which contradicts Lemma [0.2.31 □ 

Proposition 1.8.2. The linear system \ — Kx\ is a unique Halphen pencil on X. 

Proof. It follows from Corollary 10.3.71 and Lemmas 10.3.31 10.3.111 that we may assume that 
CS(X, i>[) = {O}. By Lemmaimi the set C§(C/, ^Mu) = {P}- 

The exceptional divisor F of P contains one singular point Q that is a quotient singularity of 
type ^^7^2^(1) 1)0^4 — os — 2). Because the set CS(VF, ^Mw) is not empty by Theorem 10.2.41 it 
must contain the point Q. 

Let TT : Y ^ W he the Kawamata blow up at the point Q with weights (1, 1, 04 — as — 2). Easy 
calculations show that the linear system | — Ky\ is the proper transform of the pencil | — Kx\ 
and the base locus of the pencil | — Ky \ consists of the irreducible curve Cy whose image to X 
is the base curve of the pencil | — Kx\- Also, we can easily get 

-Ky ■ Cy = -K^ = —, r^, rr < 0. 

(a4 - as - lj(a4 - as - 2) 

The divisor {—Kx^^{—Ky) + (— Ky)^(a o /3 o 7r)*(— iTx) is nef and big. For a general surface 
M in A^y and a general surface D 'm.\— /Cy|, 

{-Kxf{-KY) + (-Ky)^(a o /? o vr)*(-Kx)) • • M = 0, 

which implies that A^y = | — Ky\ by Theorem 10.2.91 Therefore, we obtain the identity A4 = 
\-Kx\. □ 
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1.9. Cases H = 24 and 46. 

We first consider the case 2 = 46. The threefold X is a general hypersurface of degree 21 in 
P(l, 1, 3, 7, 10) with —K'^ = It has only one singular point P that is a quotient singularity 
of type 3^(1,3,7). 

There is a commutative diagram 

Y 

X -P(l,l,3), 

w 

where 

• ip \s the natural projection, 

• a is the Kawamata blow up at the point P with weights (1, 3, 7), 

• /? is the Kawamata blow up with weights (1,3,4) at the singular point of U that is a 
quotient singularity of type ^(1,3,4), 

• 7 is the Kawamata blow up with weights (1, 3, 1) at the singular point of the variety W 
that is a quotient singularity of type |(1,3, 1), 

• ?7 is an elliptic fibration. 

The linear system | — Kx\ is a Halphen pencil. Furthermore, we can obtain 

Proposition 1.9.1. The linear system j — Kx\ is the only Halphen pencil on X. 

Proof. Suppose that we have a Halphen pencil M different from | — Kx\- We are to show that 
this assumption leads us to a contradiction. 

Due to Lemma 10.3.31 and Corollary 10. 3. 8^ we may assume that CS(X, ^M) = {P}. Hence, 
we have Mu —nKu by Lemma [0.2.61 

The exceptional divisor E = P(l, 3, 7) of a contains two singular points Pi and P2 of U that are 
quotient singularities of types ^(1,1,2) and y(l,3, 4), respectively. The proof of Lemma ll.12.11 
shows that the set CS(C/, ^M.u) does not contain the point Pi because M. ^ \ — Kx\- Hence, 
Lemma 10.2.71 implies that the set CS(C/, ^Mjj) consists of the singular point P2. Therefore, we 
have M.W —nKw by Lemma r0.2.6| which implies that the set CS(VF, ^M.w) is not empty. 

The exceptional divisor F = P(l, 3, 4) of /? contains two singular points Qi and Q2 of W that 
are quotient singularities of types |(1,2, 1) and |(1,3, 1), respectively. It again follows from 
Lemma [0.2.71 that either the set C§>{W, ^A^vk) contains the point Qi or the set C§(W, ^J^w) 
consists of the point Q2. 

For the convenience, let L be the unique curve contained in |C'p(i.3j)(l)| on the surface E 
and L be the unique curve contained in |Op(i.3,4)(l)| on the surface F. 

Let a : Vi ^ W he the Kawamata blow up at the point Qi. The pencil | — i^vil is the 
proper transform of the pencil | — Kx \ and the base locus of the pencil | — Ky^ \ consists of three 
irreducible curves Cvi ! -^Vi s-nd Ly^ . 

A general surface Dy^ in | — Ky^ \ is normal. Moreover, the intersection form of the curves 
Cvi, Ly^ and Ly^ is negatively definite on the surface Dy^. Hence, the set CS(VF, ^-Mw) does 
not contain the point Qi by Lemma lO . 2 . 6 1 and Theorem 10.2.91 because A4y 7^ | — Ky\. Thus, we 
see that the set C§(VF, ^A4w) must consist of the point Q2, which implies that My ~q —nKy 
by Lemma 10.2.61 In particular, each member in the pencil My is contracted to a curve by the 
elliptic fibration r]. Theorem 10.2.41 and Lemma 10.2.71 imply that the set CS(y, ^A^y) contains 
the singular point Q oiY contained in the exceptional divisor of the birational morphism 7. 

Let IT : V2 ^ W he the Kawamata blow up at the point Q and Dy^ he a general surface in 
I — Ky^ I . Then, Dy^ is normal, the pencil | — Ky^ \ is the proper transform of the pencil | — Kx \ , 
and the base locus of the pencil | — Ky^ \ consists of three irreducible curves Cy^ , Ly^ , and Ly^ . 
The intersection form of the curves Cy^, Ly^, and Ly^ is negative-definite on the surface Dy^ 
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because the curves Cvj, Ly^, and Ly^ are components of a single fiber of the ehiptic fibration 
V ° t^Idv. ■ ~^ IP"*^ that consists of four components. On the other hand, we have 



M 



V2 



Dvo 



n{Cv2 + + LV2] 



by Lemma 10.2.61 Thus, we obtain the identity M.V2 
contradiction to our assumption. 



Ky^ I from Theorem 10.2.91 which is a 

□ 



From now, we consider the case 1 = 24. The variety X is a general hypersurface of degree 
15 in P(l,l,2,5,7) with —K^ = Its singularities consist of one point that is a quotient 
singularity of type ^(1, 1, 1) and one point P that is a quotient singularity of type ^(1, 2, 5). 

There is a commutative diagram 



Y 



X 



where 



• ^ is the natural projection, 

• a is the Kawamata blow up at the point P with weights (1, 2, 5), 

• (5 is the Kawamata blow up with weights (1,2,3) at the singular point of U that is a 
quotient singularity of type |(1,2,3), 

• 7 is the Kawamata blow up with weights (1, 2, 1) at the singular point of the variety W 
that is a quotient singularity of type |(1, 2, 1), 

• T/ is an elliptic fibration. 

If the set CS(X, i^M) contains a curve, then we obtain the identity = | — Kx\ from 
Corollary 10.3.81 Therefore, due to Lemmas 10.3.31 and 10.3. Ill we may assume that C§(X, ^M.) = 
{P}- 

Proposition 1.9.2. The linear system \ — Kx\ is the only Halphen pencil on X. 

Proof. The proof is the same as that of Proposition 11.9.11 □ 

1.10. Case 1 = 25, hypersurface of degree 15 in P(1,1,3, 4, 7). 

The threefold X is a general hypersurface of degree 15 in P(l,l,3,4,7) with -K\ = ^. It 
has two singular points. One is a quotient singularity P of type |(1, 1,3) and the other is a 
quotient singularity Q of type y(l,3, 4). 

There is a commutative diagram 

Y 

70 y \ IP V 

1,1,3), 




where 



• i/j is the natural projection, 

• ap is the Kawamata blow up at the point P with weights (1, 1,3), 
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• oq is the Kawamata blow up at the point Q with weights (1,3,4), 

• (3q is the Kawamata blow up with weights (1, 3, 4) at the point whose image to X is the 
point Q, 

• (3p is the Kawamata blow up with weights (1, 1, 3) at the point whose image to X is the 
point P, 

• (3o is the Kawamata blow up with weights (1,3,1) at the singular point O of type 
|(1, 3, 1) contained in the exceptional divisor of the birational morphism ag, 

• 7p is the Kawamata blow up with weights (1, 1,3) at the point whose image to X is the 
point P, 

• 7o is the Kawamata blow up with weights (1, 3, 1) at the singular point of type |(1, 3, 1) 
contained in the exceptional divisor of the birational morphism /?q, 

• is an elliptic fibration. 

Proposition 1.10.1. The linear system \ — Kx\ is a unique Halphen pencil on X. 

In what follows, we prove Proposition II. lOTTl For the convenience, let -D be a general surface 
in I -KxV 

It follows from [7J that \ — Kx\ is invariant under the action of the group Bir(X). Therefore, 
we may assume that the log pair {X, ^A^) is canonical. In fact, we can assume that 

^c^[x,^m) c {p,g} 

by Lemma IU.3.31 and Corollary IU.3.8[ 

Lemma 1.10.2. // the point Q is not contained in CS(X, j^M), then A4 = \ — Kx\- 

Proof. The set €S{Up,^M.Up) is not empty by Theorem 10.2.41 because M.Up —nKup by 
Lemma [0.2.61 Let Pi be the singular point of the variety Up contained in the exceptional divisor 
of the birational morphism ap. It is a quotient singularity of type ^(1, 1, 2). Lemma [0.2.7l implies 
that the set CS{Up, ^M.Up) contains the point Pi. 

Let TTp : Wp Up be the Kawamata blow up at the point Pi with weights (1, 1, 2). We can 
easily check that | — \ is the proper transform of the pencil | — Kx \ and the base locus of the 
pencil I — K]y \ consists of the irreducible curve Cwp- We can also see D\Yp ■ Cwp = "-^vp'p ~ 
— 1^ < 0. Hence, Theorem 10.2.91 implies the identity M. = \ — Kx\ because Mwp ~Q nDy/p by 
Lemma □ 

The exceptional divisor E = P(l,3,4) of the birational morphism ag contains two singular 
points O and Qi that are quotient singularities of types |(1,3,1) and ^(1,2,1). Let L be the 
unique curve of the linear system |C'p(i 3 4)(1)| on the surface E. 

Due to Lemma ll.10.2l we may assume that the set CS(X, ^M) contains the singular point 
Q. The proof of Lemma ll. 10.21 also shows that the set C§>{Uq, ^A4uq) cannot consist of the 
single point P whose image to X is the point P. It implies 

C§(uQ,^MuQ)n[o,Qi} + 
by Theorem 10.2.41 and Lemma I0.2.7[ 

Lemma 1.10.3. // the set C§{Uq, ^Aiug) contains both the point O and the point Qi, then 
M = I -Kx\. 

Proof. Let 7q : Wq Uqq be the Kawamata blow up with weights (1,2, 1) at the point whose 
image to Uq is the point Qi. 

The proper transform Dy/^ is irreducible and normal. The base locus of the pencil | — i^vFp I 
consists of the irreducible curves Cwq and L^^. On the other hand, we have 







M 



Wq 



Dwq 



-uKwc 



Dwq 



nCwq + nLwg, 
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but the intersection form of the curves L\yg and Cwq on the normal surface -Dh/q is negative- 
definite. Then, Theorem 10.2.91 completes the proof. □ 

It follows from Lemma 10.2.71 that we may assume the following possibilities: 

. CS{Uq,^Muq) = {P,0}; 

. CmQ,hMuQ) = {0}; 

. CS{Uq,^Muq) = {P,Qi}; 

. C§iUQ,^Mu^) = {Qi}. 
The exceptional divisor F = P(l, 3, 1) of (3o contains one singular point Q2 that is a quotient 
singularity of type |(1, 2, 1). 

Lemma 1.10.4. //C§(C/q, ^Muq) = {O}, then M = \- Kx\. 

Proof. The set CE>{Uqo, ^^Muqo) contains the singular point Q2 by Theorem 10.2.41 and 
Lemma 10.2.71 

Let J : W ^ Uqo be the Kawamata blow up at the point Q2 with weights (1,2, 1). Then, 
Mw ~Q —nKw by Lemma [0.2.61 and the base locus of the pencil | — K\y\ consists of the 
curves Cw and L]y. The proper transform Dw is irreducible and normal, the equivalence 
Aiw = nCw + nLy/ holds, but the equalities 

Cw ~ ~ Y2 ' ~ ~ 6 ' ' ~ 3 
hold on the surface Dw- So, the intersection form of the curves Cw and Lw on the normal 
surface Dw is negative-definite, which implies Ai = \ — Kx\ by Theorem 10.2.91 □ 

Lemma 1.10.5. If CS{Uq,}^Muq) = {P .0} , then M = \- Kx\- 

Proof. We have My ~Q —nKy, which implies that every surface of the pencil My is contracted 
to a curve by the morphism rj. In particular, the set CS(y, ^A4y) does not contain curves because 
the exceptional divisors of Po ° IP are sections of rj. 

Because of Theorem 10 . 2 . 4l and Lemmas l0.2.7([T.10.4| we may assume that the set C§(y, ^My) 
contains the singular point P2 of Y contained in the exceptional divisor 7p. Let ap : Yp Y 
be the Kawamata blow up at the point P2 with weights (1,2, 1). Then, Aiyp —nKyp but 
the base locus of the pencil | — Kyp \ consists of the irreducible curves Cyp and Lyp . 

The proper transform Dyp is normal and M.yp\DYp = nCyp + nLyp. The intersection form 
of the curves Cyp and Lyp on the normal surface Dyp is negative-definite because the curves 
are contained in a fiber of o aployp that consists of three irreducible components. Therefore, 
we obtain the identity A4 = \ — Kx\ from Theorem 10.2.91 □ 

Thus, to conclude the proof of Proposition I1.12.2[ we may assume the following possibilities: 

. ce{Uq,^^Muq) = {p,Qi}; 

. CS{Uq,^Muq) = {Qi}- 
The hypersurface X can be given by the equation 

w^y + wt^ + wtfi{x,y,z) +wfs{x,y,z) +tfu{x,y,z) + fi5{x,y,z) = 0, 

where fi is a general quasihomogeneous polynomial of degree i. 

Lemma 1.10.6. The case CS{Uq, ^-^Uq) = {Qi} never happens. 

Proof. Suppose that C§([/q, ^A^{/q) = {Qi}- Let ir : V —>■ Uq be the Kawamata blow up at 
the point Qi with weights (1, 2, 1). 

Let G be the exceptional divisor of the birational morphism vr. The proof of Lemma ll. 10. 41 
implies that the set C§(y, ^-My) does not contain the singular point of V contained in the 
exceptional divisor G. So, the log pair {V, ^A^y) is terminal by Lemma lO . 2 . 71 and Corollarv l0.3.4[ 
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We have 





\* 1 

(~l TT 1 1 

/ \ 




S 1 

Q,r 1 n 1 p., 

+ — + 




o^)*( 


— iTx) ~Q 


in R 


ag 


o7r)*( 


— 3i^x) ~( 


2 3 
3 5'f + -G + -Ey 


ag 


o^)*( 


- \Kx) ~( 


3 5'v' + + -ii^v- 




o7r)*( 


- 7i^x) ~( 


3 "^y- 



The equivalences imply 



ag o vr) 
ag o vr) 
aq o tt) 



^10 



G \5Sv\, 
G |105y| 



and hence the complete linear system | — 20X^1 induces a birational map xi '■ ^ ^' such 
that X' is a hypersurface in P(l, 1,4, 5, 10), which implies that the divisor —Ky is big. 

The base locus of the pencil | — Kv\ consists of the irreducible curves Cy and Ly. It follows 
from [21j that there is a composition of antiflips C : V V' such that C is regular in the outside 
of Cy U Ly and the anticanonical divisor —Kyi is nef and big. The singularities of the log pair 
{V\ ^My) are terminal because the rational map is a log flop with respect to the log pair 
{V, ^My), which contradicts Theorem 10.2.41 □ 

Now, we suppose CE>{Uq, ^-Muq) = {P,Qi}- Let a : U —)■ Upq be the Kawamata blow up 
with weights (1, 2, 1) at the point Qi whose image to Uq is the point Qi. Let E and E be the 
exceptional divisors of ap and a, respectively. Then, 



Su ~Q {ap o /3g o cr)* ( - Kx) 
{ap o Pqo ay 



7 



7 



Eu — -Ejj 



-Kw, 



Kx) - —E - -Eu - 



'iKx] 



S\j ~(Q {ap o 



[ap o , 



o a) 



o a 



7 7 
AKx) -^E- ^Eu 

7Kx) - ^Eu. 



Eu — -;Eui 



The equivalences imply that the pull-backs of rational functions 



y_ 

X 



X 



yHw 

2.15 



are contained in the linear system |a5'[/|, where a = 1, 4, 10, and 15, respectively. Therefore, 
the linear system | — 60i^[/| induces a birational map X2 '■ U X" such that the variety X" 
is a hypersurface of degree 30 in P(l, 1,4, 10, 15), which implies that the anticanonical divisor 
—Ku is big. However, the proof of Lemma 1 1 . 1 . 41 shows that the singularities of (C/, -Aiu) are 
terminal. Then, we can obtain a contradiction in the same way as in the proof of Lemma [1.10.6[ 
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1.11. Case 1 = 26, hypersurface of degree 15 in P(1, 1, 3, 5, 6). 



The threefold X is a general hypersurface of degree 15 in P(l, 1, 3, 5, 6) with -K^ = i. The 
singularities of the hypersurface X consist of two points Pi and P2 that are quotient singularities 
of type ^(1, 1, 2) and one point Q that is a quotient singularity of type |(1, 1, 5). 

For each of the singular points Pi and P2 , we have a commutative diagram 




where 

• is a projection, 

• (Tj is the Kawamata blow up at the point Pj with weights (1, 1,2), 

• r]i is an elliptic fibration. 

Note that the threefold X has a unique birational automorphism which is not biregular. It is a 
quadratic involution that is defined in the outside of the point Q. Moreover, it interchanges the 
points Pi and P2. The linear system that induces the rational map ^1 is transformed into the 
linear system that induces the rational map ^2 by the quadratic involution and vice versa. 
We have another elliptic fibration 



13 



w 



X 



Y 



^(1,1,3) 



where 

• ip is the natural projection, 

• a is the Kawamata blow up at the point Q with weights (1, 1,5), 

• /? is the Kawamata blow up with weights (1, 1,4) at the singular point Qi of the variety 
U contained in the exceptional divisor of a, 

• 7 is the Kawamata blow up with weights (1, 1,3) at the singular point Q2 contained in 
the exceptional divisor of the birational morphism /?, 

• is an elliptic fibration. 

It follows from [7] that the pencil | — Kx\ is invariant under the action of the group Bir(X). 
Hence, we may assume that the log pair {X, is canonical. In fact, we can assume that 



0/ 



:8(X,-M 
n 



c 



{Pi,P2,Q}, 



due to Lemma 10.3.31 and Corollary I0.3.8[ 



Lemma 1.11.1. // the set CS{X, -A4) contains either the point Pi or the point P2, then Ai = 
\-Kx\. 

Proof. Suppose that the set CS{X, ^J^) contains the point Pi. Because Aiui ~(Q —nKu^ by 
Lemma 10.2.61 each surface in the pencil TWc/^ is contracted to a curve by the morphism rji and 
hence the set CS(C/i, ^Mui) does not contain curves. 

Let P2 and Q be the points on Ui whose images to X are the points P2 and Q, respectively, 
and O be the singular point of Ui contained in the exceptional divisor of cri. Then, 



c^Ul,^B)n[p2,Q,o] + 
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by Theorem 10.2.41 and Lemma 10.2.71 We consider only the case when the set C§{Ui, ^Mu^) 
contains the point O because the other cases are similar. Suppose that the set C§(C/i, ^Aiui) 
contains the point O. 

Let IT : V ^ Ui he the Kawamata blow up at the point O with weights (1, 1, 1). Then, the 
base locus of the pencil | — Kv \ consists of the curve Cy. Let Dy be a general surface in | — Kyi- 
Then, Dy is normal and Cy = — ^ on the surface Dy, which implies that = | — Kx\ by 
Lemma 10.2.61 and Theorem 10.2.91 □ 

Therefore, we may assume that the set CS(X, -Ad) consists of the point Q. 
The exceptional divisor E of the birational morphism a contains a singular point Qi that is 
a quotient singularity of type ^(1, 1,4). The set C§(C/, ^-Mu) is not empty by Theorem 10.2.41 

Lemma 1.11.2. The set CS{U, ^Mu) consists of the point Qi. 

Proof. Suppose that the set CS{U, ^Mu) contains a subvariety Z <ZU that is different from the 
singular point Qi. Then, the subvariety Z is a curve with —Ku ■ Z = ^ hy Lemma 10.2.7^ which 
is impossible by Lemma fO . 2 . 3 1 b ecause —Kfj = □ 

Let G he the exceptional divisor of the birational morphism 7 and Q3 be the singular point 
of G. Then, Theorem 10.2.41 Lemmas 10.2.61 and 10.2.71 implv that A4y —nKy- Each member 
in the pencil A4y is contracted to a curve by the morphism rj and CS(y, ^A^y) 7^ 0- 

Lemma 1.11.3. The set CS(Y, ^H) consists of the point Q3. 

Proof. Suppose that the set CS(y, ^My) contains a subvariety Z of the variety Y that is different 
from the point Q3. Let F he the exceptional divisor of the birational morphism /?. The base 
locus of the pencil My does not contain curves contained in F since is a section of rj. Then, 
Z is an irreducible curve such that the curve jiZ) is a ruling of the cone F by Lemma 10.2.71 
Thus, we have —K\y ■ 7(C) = |, which is impossible by Lemma 10.2.31 □ 

Let 71 : li ^ y be the Kawamata blow up at the point Q3 with weights (1,1,2). Then, 
the base locus of the pencil | — Ky^ \ consists of the curve Gy^ . Let Dy^ he a general surface in 
I — |. Then, Dy^ is normal and Cy^ = — | on the surface Dy^ , which implies that Ai = \ —Kx\ 
by Lemma 10.2.61 and Theorem 10.2.91 

Therefore, we have obtained 

Proposition 1.11.4. The linear system \ — Kx\ is the only Halphen pencil on X. 

1.12. Cases :I = 29, 50, and 67. 

Suppose that 2 G {29, 50, 67}. Then, the threefold X C P(l, 1, 02, 03, 04) always contains the 
point O = (0 : : : 1 : 0). It is a singular point of X that is a quotient singularity of type 
^(1,02,03 - 02). 

We also have a commutative diagram as follows: 

w 

V 

X --P(l,l,a2), 



where 



ip is the natural projection, 

a is the Kawamata blow up at the point O with weights (1, 02, 03 — 02), 

P is the Kawamata blow up with weights (1, 02, 1) at the point P of U that is a quotient 

singularity of type ^p^(l, 02, 1), 

r] is an elliptic fibration. 
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1,1), respectively. The 
y = 0. The base 



The exceptional divisor E of the birational morphism a contains two singular points P and 
Q that are quotient singularity of types ^^^^:^(1, 02, 1) and ^(l,a2 
base locus of | — Kx\ consists of the irreducible curve C defined by x 
curve of | — Kjj\ consists of the proper transform Cu and the unique irreducible curve L in 
|Cp(i,a2,a3-a2)(l)l the surface E. 

Lemma 1.12.1. // the set CS{U, ^Aiu) contains the point Q, then Ai = \ — Kx\- 

Proof. Let vr : y — > f7 be the Kawamata blow up at the point Q with weights (1,02 — 1, 1) 
and Gq be its exceptional divisor. Then, the base locus of the pencil | — Ky\ consists of the 
irreducible curves Cy and Ly- Let D be a general surface in | — Kx\- We then have 



Dy 
Sy ' 



a o vr 



a o vr 



-Kx 
Kx 



-7T*(E) 



03 
1 

as 



-TT* E) 



1 

02 
1 

02 



-Gq, 
Gq, 



1 



Ey ~Q 7r*(-E) Gq 

^ ^ a2 

and we also have Sy ■ Dy = Gy + Ly and Ey ■ Dy 



Dy ■ Ly = Ey ■ Dy = Ey ■ Ky 



Ly. It then follows that 



(12(03 - a2)(a2 - 1) 



<0, 



Dy ■ Cy 



-Kyf 



04 



Dy ■ Ly 
1 



1 



+ 



03 + 1 



0203 a2a3(«3 - 02) 02(02-1) ' 02(03 - a2)(o2 - 1) 
The divisors —Ku and —Kx are nef and big. Moreover 



< 0. 



Ku ■ L = E ■ K?j = E ■ 



1 



02(03 - 02 j 



-Kx-G = - 
One can easily check that 

^ DyLy 



Ku-Gu = Su-Dij + Ku-L 
04 



-Kfj + Ku-L 



0203 



04 



I + Q3 
03 - 02 



02 03 



^ {Dy ■ Gy){Ku ■ L) - {Dy ■ Ly){Ku • Gu) ^ ^ 



Ku-L - {Kx-G){Ku-L) 

Then, B = 'a*{—XKu) + {a o n)* {— fiKx) + Dy is a nef and big divisor with B ■ Ly = B ■ Gy = 0. 
Therefore, B ■ Dy ■ My = 0, where My is a general surface in My, and hence A4 = \ — Kx \ by 
Theorem 10.2.91 □ 

The exceptional divisor F of the birational morphism /3 contains one singular point Pi of the 
threefold W that is a quotient singularity of type ^(1,02 — 1, 1). 

Proposition 1.12.2. The linear system \ — Kx\ is the only Halphen pencil on X. 

Proof. By Lemma IU.3.111 if the set CS(X, ^M) contains a singular point of X different from 
the singular point O, then the identity M. = \ — Kx\ holds. Moreover, if it contains a curve, 
then Corollarv 10.3.81 implies = | — Kx\- Therefore, we may assume that 



cs(x,i>,) = {o}. 



due to Theorem 10.2.41 and Lemma 10.3.31 

Furthermore, Lemma [OXTl implies that either CS(C/, }iMu) = {P} or Q G CS(C/, ^TWc/). The 
latter case implies M. = \ — Kx\ by Lemma fl. 12.11 Suppose that the set C§(C/, ^Mu) consists 
of the point P. Then, the set C§(W, ^M.w) contains the point Pi. Let a : V ^ W he the 
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Kawamata blow up at the point Pi. Then, the base locus of the pencil | — Kv\ consists of the 
irreducible curves Cy and Ly- Applying the same method as in Lemma ll. 12.11 we obtain the 
identity = | - Kx \ ■ □ 

1.13. Cases J = 34, 53, 70, and 88. 
Suppose 2 G {34,53,70,88}. Then, the hypersurface X has a singular point P of type 

We also have a commutative diagram as follows: 



X ^P(l,l,a2) 



where 

• ^ is the natural projection, 

• TT is the Kawamata blow up at the point P with weights (1, l,a2), 

• ?7 is an elliptic fibration. 

We may assume that the set CS(X, ^M.) consists of the point P by Lemmas 10.3.31 l0^3.11l and 
Corollary EMI 



Proposition 1.13.1. If 2 {34,53,70,88}, then the linear system \ — Kx\ a unique Halphen 
pencil. 

Proof. The singularities of the log pair [Y, -Aiy) are not terminal by Theorem 10.2.41 The 
base locus of the pencil My does not contain curves that are not contained in a fiber of the 
elliptic fibration rj. Hence, it follows from Lemma 10.2.71 that the set CS(y, -My) contains the 
singular point Q contained in the exceptional divisor of vr, which is a quotient singularity of type 
^(1,1,02-1) on Y. 

Let a : U ^ y be the Kawamata blow up at the point P with weights (1, l,a2 — 1). Then, 
the pencil | — Ku\ is the proper transform of the pencil | — Kx\- Its base locus consists of the 
irreducible curve Cu- Moreover, —Ku ■ Cjj = —Kfj < and Adfj = —uKij. We then obtain 
M = \-Kx\ from Theorem [0231 □ 

1.14. Case H = 36, hypersurface of degree 18 in P(1, 1,4, 6,7). 

Let X be the hypersurface given by a general quasihomogeneous equation of degree 18 in 
P(l,l,4,6,7) with -Kj. = ^. Then, the singularities of X consist of two singular points P and 
Q that are quotient singularities of types ^(1, 1, 6) and |(1, 1, 3), respectively, and one point of 
type i(l,l,l). 

There is a commutative diagram 



Up- 



OLp 



X 



V 



Y 



■P(l,l,4) 



where 



if) is the natural projection, 

ap is the weighted blow up at the point P with weights (1, 1,6), 

(3 is the Kawamata blow up with weights (1, 1, 5) at the singular point Oi of the variety 
Up contained in the exceptional divisor of the birational morphism ap, 
7 is the Kawamata blow up with weights (1,1,4) at the singular point O2 of the variety 
V contained in the exceptional divisor of the birational morphism /?, 
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• ?7 is an elliptic fibration. 
The hypersurface X can be given by the quasihomogeneous equation of degree 18 

z^t + z^fiQ{x, y, t, w) + zfi4{x, y, t, w) + /i8(a;, y, t, w) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Let ^ : X P'' be the rational map 
given by the linear system of divisors cut on the hypersurface X by the equations 

6 

fit + Y, hx'y"^-' = 

i=0 

, where (/i : Aq : • • • : Ae) G F'^. Then, we obtain another commutative diagram 




where 

• ap is the Kawamata blow up at the singular point P with weights (1, 1,6), 

• oq is the Kawamata blow up at the singular point Q with weights (1, 1, 3), 

• (3p is the Kawamata blow up with weights (1, 1, 6) at the point Pi whose image to X is 
the point P, 

• Pq is the Kawamata blow up with weights (1, 1, 3) at the point Qi whose image to X is 
the point Q, 

• r]i is an elliptic fibration. 

If it contains either the singular point of type ^(1, 1, 1) or a curve, then Lemma 10.3.111 and 
Corollary 10.3.81 implv = \ — Kx\- Therefore, we may also assume that 

^ce(^x,^m) c [p,q]. 

The exceptional divisor Eq of the birational morphism aq contains a unique singular point 
O that is a quotient singularity of type |(1, 1, 2). 

Lemma 1.14.1. // the set CS{Uq, ^-Muq) contains the point O, then A4 = \ — Kx\- 

Proof. Let Po '■ Uq Uq be the Kawamata blow up at the point O with weights (1,1,2). Then, 
the proper transform of the pencil | — Kx\ by the birational morphism aq o (3q has a unique 
base curve Cu^ . Because a general surface in is normal and the self-intersection of Cuq on 
a general surface in is negative, we obtain M. = \ — Kx\- □ 

Lemma 1.14.2. If CS{Uq, ^Muq) = {Pi}, then M = \- Kx\. 

Proof. The proper transform M\y must contain the singular point in the exceptional divisor Fp 
of the birational morphism [5p that is a quotient singularity of type g(l, 1, 5). Let cJi : Wi — > W 
be the Kawamata blow up at the singular point with weights (1, 1, 5). Then, the proper transform 
PvKi of the pencil | — Kx \ has a unique base curve Cw\ ■ Because a general surface in I^vVi is 
normal and the self-intersection of Cw^ on a general surface in is negative, we obtain 

M = \-Kx\. □ 

Meanwhile, the exceptional divisor Ep of the birational morphism ap contains one singular 
point Oi of type g(l, 1, 5). 

Lemma 1.14.3. The set CS{Up, l^-Mup) cannot contain a curve. 
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Proof. Because —K^ = and Ep ■ = ^, the statement immediately follows from 

Lemma 10231 p p ^ 

Therefore, we may assume that 

C8{Ui,^Mu,) = {Oi}. 

By the same method of Lemma 11.14.31 we may assume that CS{V, ^Mv) = {O2}, and hence 
the set CS(y, ^-My) must contain the singular point contained in the exceptional divisor of 7 
that is a quotient singularity of type |(1, 1,3). By considering Kawamata blow up at this point 
with weights (1, 1,3) and the proper transform of the pencil | — Kx\, one can easily conclude 
the following: 

Proposition 1.14.4. The linear system \ — Kx\ is a unique Halphen pencil on X . 



1.15. Cases :I = 47, 54, and 62. 

We first consider the case H = 47 which is more complicated than the other. The threefold X 
is a general hypersurface of degree 21 in P(l,l,5,7,8) with -K^ = ^. The singularities of X 
consist of one point P that is a quotient singularity of type |(1, 2, 3) and one point Q that is a 
quotient singularity of type |(1, 1, 7). 

We have the following commutative diagram: 

13 7 

Y 

■n 

X -P(l,l,5), 

w 

where 

• ^ is the natural projection, 

• a is the Kawamata blow up at the point Q with weights (1,1,7), 

• (5 is the Kawamata blow up with weights (1,1,6) at the singular point of U that is a 
quotient singularity of type ^(1, 1, 6), 

• 7 is the Kawamata blow up with weights (1,1,5) at the singular point of W that is a 
quotient singularity of type |(1, 1, 5), 

• 77 is an elliptic fibration. 

The hypersurface X can be given by the equation 

2 3 
iv^z + ^ ti;z*c/i3_5i(x, y, t) + ^ z'g2i-^i{x, y, t) = 0, 

i=0 i=0 

where gi{x,y,t) is a quasihomogeneous polynomial of degree i. The base locus of the pencil 
I — Kx\ consists of the irreducible curve C cut out on X by the equations x = y = 0. Let D be 
a general surface in | — Kx\- Then, D is smooth at a generic point of C. Note that 



C§(^X,\-Kx\) = {P,Q,C]. 



If the set CS(X, ^M) contains a curve, then the identity A4 = \ — Kx \ holds due to Corol- 
lary [UISIBI Furthermore, by Lemma 10.3.31 we may assume that 

C^[x,^M^ C |p,q}. 

Lemma 1.15.1. The set CS(X, ^M.) contains the point Q. 
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Proof. Suppose that the set C§(X, ^M) does not contam Q. Then, CS{X, ^M) = {P}, and 
hence ^A \ — Kx \ ■ 

Let ap : Up ^ X be the Kawamata blow up at the point P. The exceptional divisor of 
Ep = P(l,2,3) contains two singular points Pi and P2 of the threefold Up that are quotient 
singularities of types ^(1,1,1) and |(1,2, 1), respectively. For the convenience, let L be the 
unique curve in the linear system |Op(i,2,3)(l)l on the surface Ep. 

If the log pair {Up, ^Mup) is not terminal, then it is not terminal either at the point Pi or 
at the point P2. In such cases, the proof of Lemma [1.12.11 leads us to the identity = | — Kx\, 
which contradicts our assumption. Therefore, the log pair must be terminal. 

The base locus of the pencil | — Ki/p\ consists of the curve Cup and the irreducible curve L. 
The inequalities —Kjjp ■ Cup < and —Kjjp ■ L > implies that the curve Cfjp is the only 
curve on the variety Up that has negative intersection with the divisor —Kjjp. It follows from 
[2IJ that the antiflip Ci ■ Up Up along the curve Cjjp exists. The divisor —Kjji^ is nef. The 
log pair {Up, ^Mjj'p) is terminal because the log pair {Up, ^Mup) is so. On the other hand, 
the pull-backs of the rational functions 1, |, ||, ^ and ^ induce a birational map xi of Up 
onto a hypersurface X' of degree 24 in P(l, 1,6,8,9), which implies that —Kup is big. Hence, 
the divisor —Kjji^ is big as well, which contradicts Theorem lU. 2. 41 □ 

The exceptional divisor E of the birational morphism a contains the singular point Qi of the 
threefold U that is a quotient singularity of type ^(1,1,6). Lemmas 10.2.31 and 10.2.71 show that 
the set CS(C/, -Mjj) does not contain any other subvariety of the surface E than the point Qi. 

The pencil | — Kij\ is the proper transform of the pencil | — Kx\ and the base locus of | — Ku\ 
consists of the curve Cu- 

Lemma 1.15.2. The set CS{U, ^Mu) contains the point Qi. 

Proof. Suppose that it does not contain the point Qi. Then, it follows from Theorem 10.2.41 and 
Lemma 10.2.71 that the set CE{U, -Aijj) consists of the point P whose image to X is the point 
P because the divisor —Kjj is nef and big. 

Let l3p : Wp — > C/ be the Kawamata blow up at the point P with weights (1,2,3) and 
Fp = P(l, 2, 3) be its exceptional divisor. The proof of Lemma 1 1 . 1 5 . 1 1 implies that the log pair 
{Wp, ^Mwp) is terminal. 

The base locus of the pencil | — \ consists of the irreducible curve Cwp and the unique 
irreducible curve L of the linear system |C'p{i,2,3)(l)l on the surface Fp. Hence, there is an 
antiflip C2 : Wp — Wp along the curve Cwp, the divisor — i^vi/^ is nef, and the log pair 
{Wp, y^M-iYp is terminal. 

The pull-backs of the rational functions 1, -, % and ^^{i induce a birational map X2 '■ 
Wp — -> X" such that X" is a hypersurface of degree 30 in P(l, 1, 6, 8, 15). We have 



Swp ~q 


{ao/3p)*{- 


-Kx)- 


- -^Ewp - 




Swp ~q 


(«o/5p)*(- 


-Kx)- 


- -Ewp - 




Swp ~33 


(«o/5p)*(- 


-5Kx) 


- Y^wp 




Swp ~(Q 


(ao/3p)*(- 


-7Kx) 


- -^Ewp - 


-> 


^Wp ~«3 


(«o/5p)*(- 


-8Kx) 







which implies that X" is the anticanonical model of Wp. In particular, the divisor —Ki^'^ is 
big, which is impossible by Theorem I0.2.4[ □ 
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The exceptional divisor F of the birational morphism (3 contains a singular point Q2 of W 
that is a quotient singularity of type ^(1, 1,5). The divisor —Kw is nef and big, and hence the 
set CS(1^, }iMw) is not empty by Theorem [0231 

Lemma 1.15.3. The set CS(VK, ^A^vk) contains the point Q2. 

Proof. Suppose that it does not contain the point Q2- Then, it follows from Theorem IU.2.4t 
Lemmas |0.2.3| and 10.2.71 that the set C§(1^, ^Mw) consists of the point P whose image to X 
is the point P. 

Let TT : Yp W he the Kawamata blow up at the point P and Gp be its exceptional divisor. 
Then, the proof of Lemma 1 1 . 1 5 . 1 1 shows that the log pair {Yp, ^A4yp) is terminal. 
We have 



Svp ~q 


) (a 


/3ovr)*(- 


-Kx)- 


- Ieyp - 




5 


^Yp 


) (a 


/3ovr)*(- 


-Kx)- 


- ^Eyp - 




5 


^Yp 


) (a 


/3o7r)*(- 


-5Kx) 




9 




) (a 


/3ovr)*(- 


-7Kx) 


7^ 




-la. 


^Yp ~Q 


) (a 


/3o7r)*(- 


-8Kx) 









which implies that the anticanonical model of Yp is a hypersurface of degree 42 in P(l, 1, 6, 14, 21) 
with canonical singularities because the pull-backs of the rational functions f , ^^rr a-nd "'^^f 
are contained in the linear systems I^Syp |, |6S'yp |, |14S'yp | and [215^^1, respectively. In particular, 
the divisor —Kyp is big. 

The base locus of the linear system j — 42i^Yp | consists of the curve Cyp and —Kyp • Cyp < 0. 
Therefore, the existence of the antiflip ■ Yp Yp along the curve Cyp follows from |21j . 
The divisor —Ky^ is nef and big. However, this contradicts Theorem 10.2.41 because the log pair 
(Yp, ^My^) is terminal. □ 

The set C§(Y, -My) is not empty. If it contains the singular point Q3 contained in the 
exceptional divisor of 7, then it easily follows from Theorem 10.2.91 that M. = \ — Kx\- If the set 
C§(Y, ^Aly) does not contain the point Qs, then Lemmas 10.2.31 and 10.2.71 implv that the set 
CS(Y, ^M-y) consists of the point P whose image to X is the point P. 

Let cr : y — > Y be the Kawamata blow up at the point P. Then, the proof of Lemma ll.15.11 
shows that the log pair {V, \M.v) is terminal. The proof of Lemma 11.15.31 implies that the 
anticanonical model of V is the surface P(l,l,6). On the other hand, there is an antiflip 
Q : V --^ V' along the curve Cy, which implies that the linear system | — rKvi\ induces 
a surjective morphism V — > P(l,l,6). However, it contradicts Theorem 10.2.41 because the 
singularities of the log pair {y\ —AAyi) are terminal. 

Consequently, we have shown 

Proposition 1.15.4. If 1 = 47, then the linear system | — Kx\ is the only Halphen pencil on 
X. 

Next, we consider the case 1 = 54. The variety X is a general hypersurface of degree 24 in 
P(l,l,6,8,9) with —K^ = jg. The singularities of X consist of one point that is a quotient 
singularity of type ^(1,1,1), one point that is a quotient singularity of type ^(1,1,2), and a 
point Q that is a quotient singularity of type g(l, 1,8). 
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There is a commutative diagram 



U- 



w ■ 



Y 



X -P(l,l,6), 



where 

• ip \s the natural projection, 

• a is the Kawamata blow up at the point Q with weights (1, 1, 8), 

• (3 is the Kawamata blow up with weights (1,1,7) at the singular point of U that is a 
quotient singularity of type |(1, 1, 7), 

• 7 is the Kawamata blow up with weights (1,1,6) at the singular point of W that is a 
quotient singularity of type ^(1, 1, 6), 

• ?7 is and elliptic fibration. 

If the set CS(X, ^M.) contains either one of the singular points of types ^(1,1,1) and ^(1,1,2) 
or a curve, then we obtain A4 = \ — Kx \ from Lemma 10.3.111 and Corollary 10.3.81 Therefore, 
due to Lemma To. 3. 31 we may assume that 



CmX,-M 
n 



Proposition 1.15.5. If 2 

X. 



54, then the linear system \ — Kx\ is the only Halphen pencil on 



Proof. Unlike the case 2 = 47, the set CS(X, ^M) does not contain any other point than the 
point Q, which makes our situation far simpler than the case 2 = 47. In this case, Lemmas ll. 15.11 
11.15.21 11.15.31 are automatically satisfied, so that the proof of Proposition 11.15.41 proves this 
statement. □ 

From now, we consider the case 2 = 62. The variety X is a general hypersurface of degree 26 
in P(l, 1, 5, 7, 13) with —K^^ = It has two singular points. One is a quotient singularity P 
of type |(1, 2, 3) and the other is a quotient singularity Q of type ^(1, 1,6). 

There is a commutative diagram 



U- 



X 



Y 



(1,1,5), 



where 

• ^ is the natural projection, 

• a is the Kawamata blow up at the point Q with weights (1, 1,6), 

• P is the Kawamata blow up with weights (1, 1, 5) at the singular point of the variety U 
that is a quotient singularity of type g(l, 1, 5), 

• 77 is an elliptic fibration. 

If the set CS(X, ^M) contains a curve, then Ai = \ — Kx\ by Corollarv 10.3.81 Therefore, we 
may assume that 

by Lemma 10.3.31 

Lemma 1.15.6. The set C§(X, ^M.) contains the point Q. 
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Proof. Suppose that the set CS(X, ^M.) does not contain the point Q. Then, it must consist 
of the point P. Let ap : Up ^ X he the Kawamata blow up at the point P and let Gp be its 
exceptional divisor. Then, the proof is the same as that of Lemma [1.1 5. 11 From the equivalences 



a*p{ 


- Kx) ~Q 


Sup + '^Gp^ 


a*p{ 


- Kx) ~Q 


Sip + \gp, 


a*p{ 


- bKx) ~ 


Q Sup, 


a*p{ 


- IKx) ~ 


(2 Sijp + -Gp, 


a*p{ 


3 

— I'iKx) + -Gp 



we see that the pull-backs of the rational functions 1, ^, ^ and induce a birational map 
oiUp onto a hypersurface of degree 30 in P(l, 1, 6, 8, 15). □ 

The exceptional divisor E of the birational morphism a contains the singular point O oi U 
that is a quotient singularity of type |(1, 1, 5). 

Lemma 1.15.7. The set C§(C/, ^Mu) contains the point O. 

Proof. Suppose that the set CS(C/, ^Mu) does not contain the point O. Then, it must contain 
the point P whose image to X is the point P. Let /3p : Wp U he the Kawamata blow up at 
the point P with weights (1,2,3) and Fp = P(l,2,3) be its exceptional divisor. The proof of 
Lemma ll. 15.61 implies that the log pair {Wp, ^M.Wp) is terminal. We have 



(ao/3p)*( 


- Kx) ~(Q 


Swp + -zFwp + tFp-, 
7 5 


(ao/5p)*( 


- Kx) ~Q 


Sip + \ewp + Ifp, 


(ao/3p)*( 


- bKx) ~ 


12 

Q Swp + y-E'vyp, 


(QO/3p)*( 


- 7Kx) ~( 


a Swp + -^Fp, 


(ao/5p)*( 


- UKx) r- 


6 3 
Swp + jEwp + -Fp 



The equivalences imply 



G \Swp 



ao/?p)*(^) € \QSwp\, 



a o (3f 



y^zw 

™21 



G |21S'^yp I 

yz yzt 



and hence the pull-backs of rational functions 1, ^, and ^^^i induce a birational map 

X ■ Wp X' such that X' is a hypersurface in P(l, 1, 6, 14, 21). Therefore, the divisor —Kwp 
is big. 

The base locus of the pencil | — Kwp \ consists of the irreducible curves Gwp and Lwp, where 
Lwp is the unique curve in the linear system |Op(i,2,3)(l)l on Fp. It follows from [21] that there 
is an antiflip ( : Wp — ->■ Wp along the curve Cwp- The divisor —Kyy^ is nef and big. The 
singularities of the log pair {Wp, ^M\y'^) are terminal because the rational map C is a log flop 
with respect to the log pair {Wp, ^M.Wp), which contradicts Theorem 10. 2. 4[ □ 
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Proposition 1.15.8. The linear system \ — Kx\ is the only Halphen pencil on X. 

Proof. Suppose that the set C§(y, ^A4y) contains the singular point contained in the exceptional 
divisor F of the birational morphism [5. Let 71 : — > y be the Kawamata blow up at this 
point. Then, the pencil | — K\y\ is the proper transform of the pencil | — Kx\- Its base locus 
consists of the irreducible curve Cw- Because Aiw ~(q —nKw-, the inequality —Ky/ ■ Cw < 
implies that M = \ — Kx \ by Theorem I0.2.9[ 

Now, we suppose that the set CS(y, ^M.y) consists of the point P whose image to X is the 
point P. Let 7 : 1/ — > y be the Kawamata blow up at the point P with weights (1, 2, 3). Then, 
the curve Cy is the only curve that intersects with —Ky negatively. The proof of Lemma [1.15.6l 
implies that the log pair {V, ^My) is terminal. Therefore, there is an antiflip C, : V --■>■ V along 
the curve Cy. The log pair {V, -My) is also terminal. However, for some positive integer 
m, the linear system | — mKyr\ induces an elliptic fibration onto P(l,l,6), which contradicts 
Theorem 10231 □ 

1.16. Case 2 = 51, hypersurface of degree 22 in P(1, 1,4,6, 11). 

The threefold X is a general hypersurface of degree 22 inP(l,l,4,6, 11) with = ^. The 
singularities of X consist of one point that is a quotient singularity of type ^(1, 1, 1), one point 
P that is a quotient singularity of type |(1, 1, 3), and one point Q that is a quotient singularity 
of type i(l,l,5). 

There is a commutative diagram 

y 

X --P(l,l,4), 

i> 

where 

• is the natural projection, 

• a is the Kawamata blow up at the point Q with weights (1, 1,5), 

• /? is the Kawamata blow up with weights (1, 1,4) at the singular point of the variety U 
contained in the exceptional divisor of the birational morphism a, 

• ?7 is an elliptic fibration. 

By the generality of the hypersurface X, it can be given by an equation of the form 

zH + z^fio{x, y, t) + z^/i4(x, y, t, w) + zfis{x, y, t, w) + 722(2;, y, t, w) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Let ^ : X be the rational map 

induced by the linear systems on the hypersurface X defined by the equations 

6 

fit + ^XixV' = 0, 

i=0 

where (^u : Aq : Ai : A2 : A3 : A4 : A5 : Ag) G P^. Then, the closure of the image of the rational 
map is the surface P(l, 1,6) and the normalization of a general fiber of ^ is an elliptic curve. 
We also have the following commutative diagram: 



where 

• 7 is the Kawamata blow up at the point P with weights (1, 1, 3), 
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• r]Q is an elliptic fibration. 

If the set CE>{X,^j\4) contains either the singular point of type ^(1,1,1) or a curve, then 
j\4 = \ — Kx I by Lemma 10.3.111 and Corollary 10.3.81 Therefore, Lemma 10.3.31 enables us to 
assume that CS(X, ^M) C {P, Q} 

Lemma 1.16.1. IfC§{X, ^M) = {P,Q}, then M = \ - Kx\- 

Proof. Let tti : Vi ^ W he the Kawamata blow up with weights (1,1,5) at the point whose 
image to X is the point Q. Then, ^Avl ~q —nKvi by Lemma [0.2.61 the pencil | — Kvi \ is the 
proper transform of the pencil | — Kx\, and the base locus of the pencil | — Ky^ \ consists of the 
irreducible curve Cvi- Because —Ky^ -Cvi < 0, we obtain = | — Kx \ from Theorem 10. 2. 91 □ 

Lemma 1.16.2. IfC§{X, ^M) = {P}, then M = \ - Kx\. 

Proof. Let Pi be the singular point of W contained in the exceptional divisor of 7. Then, 
Pi G CS(W, ^Mw) by Theorem [0231 Lemmas [0221 and [0221 

Let TT2 ■ V2 ^ W he the Kawamata blow up at the point Pi. Then, Myj —nKv2 
by Lemma 10.2.6^ the pencil | — Ky^] is the proper transform of | — Kx\, and the base locus of 
I — Ky^ I consists of the irreducible curve Cy^ ■ The inequality —Ky.^ ■ Cy^ < implies Ai = \ — Kx \ 
by Theorem [0221 □ 

Proposition 1.16.3. The linear system \ — Kx\ is the only pencil on X . 

Proof. Due to the previous arguments, we may assume that C§(X, ^M) = {Q}, which implies 
that Aiu ~Q —nKu by Lemma [0.2.61 Hence, it follows from Theorem 10. 2.41 Lemmas 10.2.71 and 
10.2.31 that the set CS(C/, ^Mu) consists of the singular point of the threefold U that is contained 
in the exceptional divisor of a because the divisor —Ku is nef and big. 

Let P2 be the singular point of Y contained in the exceptional divisor of the birational mor- 
phism (3 and let vr : F — > y be the Kawamata blow up at the point P2. Then, My ~q —nKy 
by Theorem 10.2.41 Lemmas 10.2.6| 10.2.71 and 10.2.31 On the other hand, the pencil | — Ky\ is 
the proper transform of the pencil | — Kx\ and the base locus of the pencil | — Ky \ consists of 
the irreducible curve Cy. Due to Theorem 10.2.9[ the inequality —Ky ■ Cy < completes our 
proof. □ 

1.17. Case 2 = 82, hypersurface of degree 36 in P(1, 1, 5, 12, 18). 

The threefold X is a general hypersurface of degree 36 in P(l, 1, 5, 12, 18) with —K^ = 
Its singularities consist of two quotient singular points P and Q of types |(1, 2, 3) and |(1, 1, 5), 
respectively. The hypersurface X can be given by the equation 

6 




where fi is a quasihomogeneous polynomial of degree i. 
There is a commutative diagram 



U 




X 



-F(l,l,5) 



where 



• ip is the natural projection, 

• a is the Kawamata blow up of at the point Q with weights (1, 1, 5) 

• 7/ is an elliptic fibration. 
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If the set CS{X, ^M) contains a curve, then we obtain Ai = \ — Kx \ from Corollary I0.3.8[ 
Therefore, we may assume that 

due to Lemma To. 3. 31 

The exceptional divisor of the birational morphism a contains a singular point O of the 
threefold U that is a quotient singularity of type ^(1, 1,4). 

Lemma 1.17.1. // the set CS(f7, ^Mu) contains the point O, then M. = \ — Kx\- 

Proof. Let ao ■ Uq — > f/ be the Kawamata blow up at the point O. Then, the pencil | — Kjjf^l 
is the proper transform of the pencil | — Kx\- Its base locus consists of Cjjq. Furthermore, 
—Ki/q ■ Cuq < and Muq ~Q' —^^Kuq. Therefore, Theorem 10.2.91 implies the statement. □ 

Therefore, if the set the set CS(X, consists of the point Q, then M. = \ — Kx\, and 

hence we may assume that P G CS(X,iA^). 

Let IT : W ^ X he the Kawamata blow up at the point P with weights (1,2,3) and E = 
P(l, 2, 3) be its exceptional divisor. Then, the exceptional divisor E contains two singular points 
Pi and P2 that are quotient singularities of the threefold W of types ^(1,1,1) and |(1,2,1), 
respectively. Let L be the unique curve of the linear system |Op(i,2,3)(l)l on the surface E. 

The linear system | — K\y\ is the proper transform of | — Kx\ and its base locus consists 
of the irreducible curves L\y and Cw- The divisor —K]y is not nef because —K]y • Cw < 0. 
The curve Cw is the only curve that has negative intersection with the divisor —Kw because 
—Kw ■ Lw > 0. 

Let V be the proper transform of the linear system on the threefold X that is cut by 

h2i {x, y) + zyhi5 (x, y) + zty^hi (x, y) + z^y^hg (x, y) + 

+z^y^h3 {x, y) + ty^hj {x, y) + h^wy^ = 

where hi is a homogeneous polynomial of degree i. Then, T) —21Ky/ but T> induces a bi- 
rational map 7 : W --^ X' such that X' is a hypersurface of degree 42 in P(l, 1, 6, 14, 21) with 
canonical singularities (see the proof of Theorem 5.5.1 in [7]). 

There is an antiflip ^ : W --->■ W' along the curve L^. The divisor —Ky/i is nef and big 
and the linear system | — mKwi \ induced a birational morphism (3 : W' — > X' for some natural 
number m ^ 0. Therefore, we have a commutative diagram 




where oj is the rational map induced by the linear system ir{'D). 
Lemma 1.17.2. The log pair [W, ^A4w) is not terminal. 

Proof. Suppose that the log pair {W, ^Aiw) is terminal. Then, the log pair {W, X^Aw) is 
terminal for some rational number X > ^. We have M-w' ~Q — ni^vK'j but is a log flip 
for {W,XM.w)- Therefore, the singularities of the log pair {W',^Aiw') are terminal, which 
contradicts Theorem 10.2.41 □ 

Lemma 1.17.3. // the set CS{W, ^M.w) contains the point Pi, then A4 = \ — Kx\- 
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Proof. Let ai : Vi ^ W he the Kawamata blow up at the point Pi with weights (l,i,l) and 
F be the exceptional divisor of the birational morphism aj. The pencil | — -ftTyJ is the proper 
transform of the pencil | — Kx\- Its base locus of the pencil | — Ky^l consists of two irreducible 
curves Cy^ and Ly^- 

On a general surface Z? in | — Ky^l, we have 



The surface D is normal and the intersection form of the curves Cy. and Ly. on the surface D 
is negative-definite. On the other hand, we have 



= -nKy 

D 



= nCy. + riLy . 

D 



My 

Therefore, M = \ - Kx \ hy Theorem [OMl □ 

From now, we may assume that CS(X, ^M.) = {P, Q}. 

Let Q be the point of the threefold W such that it{Q) = Q. Then, 

Cs(w,^Mw) = {q} 

by Lemmas IL17.21 IL17.31 and \027l\ 

Let 'J : V ^ W he the blow up of Q with weights (1, 1, 5) and F he its exceptional divisor. 
Then, the base locus of the pencil | — Ky\ consists of two irreducible curves Cy and Ly. 

The arguments used in the proof of Lemma 11.17.31 together with Lemma 10.2.71 imply that 
either the singularities of the log pair {V, ^Aiy) are terminal or A4 = \ — Kx\- We may assume 
that the log pair {V, ^Aly) is terminal, which implies that the log pair {V, XM.y) is still terminal 
for some rational number A > -. 

n 

Let £. he the proper transform on the threefold V of the linear system 

fiQx'^ + fiiy*^ + fi2yz = 0, 

where (/io : A*i : /^2) G IP^- Then, C ~(q —6Ky and the base locus of the linear system C consists 
of the curve Cy. So, the curve Cy is the only curve having negative intersection with —Ky. 

The linear system C induces a rational map v : V --->■ P(l,l,6) whose general fiber is an 
elliptic curve. Moreover, it follows from [21j that there is a log flip x ■ ^ '"^ ^' along the curve 
Cy with respect to the log pair {V,XA4y). The log pair {V, ^x{My)) is terminal and 

x{My) = -nKy>, 

which implies that —Kyi is nef. Therefore, it follows from Theorem 3.1.1 in [U] that the linear 
system | — niKy \ is base-point-free for some natural number m ^ 0. However, the equivalence 
x(jC) = —GKy implies that the linear system | — mKy'\ induces an elliptic fibration, which 
contradicts Theorem 10.2.41 
Consequently, we have proved 

Proposition 1.17.4. The linear system | — Kx\ is a unique Halphen pencil on X. 



52 



IVAN CHELTSOV AND JIHUN PARK 



Part 2. Fano threefold hypersurfaces with a single Halphen pencil. 

2.1. Case 2 = 19, hypersurface of degree 12 in P(1,2,3,3, 4). 

The threefold X is a general hypersurface of degree 12 in P(l,2,3,3,4) with -K^ = i It 
has seven singular points. Four points Pi, P2, -P3, -P4 of them are quotient singularities of type 
^(1, 2, 1) and the others are quotient singularities of type ^(1, 1, 1). 

For each point Pi, we have the following diagram: 



Yi 




X ---P(l,2,3), 

Vi 

where 

• ipi is a projection, 

• TTi is the Kawamata blow up at the point Pi with weights (1, 2, 1), 

• r]i is an elliptic fibration. 

It follows from Corollary 10.3.71 and Lemmas 10.3.31 10-3.101 that 
Lemma 2.1.1. The set CS{X, ^M) cannot consist of a single point. 

Proof. Suppose that it contains only the point Pj. Then, the set CS(1^, ^Mvi) must contain 
the singular point Oi contained in the exceptional divisor Ei of the birational morphism vTj. Let 
Oil : Vi ^ Yi he the Kawamata blow up at the point Oi. We consider the linear system V on X 
defined by the equations 

4 2 

Xqx + Xix y + X2W = 0, 

where (Aq : Ai : A2) G IP^. The base locus of the linear system consists of the irreducible 
curve whose image to X is the base curve of D. A general surface Di in Py- is normal 
and Cy. = — g on the surface Di, which implies A4 = D. It is a contradiction since V is not a 
pencil. □ 

Proposition 2.1.2. The linear system \ — 2Kx\ is the only Halphen pencil on X. 

Proof. Suppose that the set CS(X, contains the points Pi and Pj, where i ^ j. Then, 

the set CS{Yi, ^Aivi) must contain the singular point Qj whose image to X is the point Pj. 
Let Pj : Wj Yi he the Kawamata blow up at the point Qj. Then, we see that the linear 
system | — 2Kw. \ is the proper transform of the pencil | — 2Kx\. The base locus of the pencil 
I — 2Kwj I consists of the irreducible curve Cwj whose image to X is the base curve of | — 2Kx \ • 
A general surface D in | — 2Kwj \ is normal and C^, = — | on the surface D, which implies 
Mw, = I - 2Kw,\- Therefore, M = \- 2Kx\. ' □ 

2.2. Cases 2 = 23 and 44. 

For the case 2 = 23, let X be a general hypersurface of degree 14 in P(l,2,3, 4, 5) with 
—K^ = It has three quotient singularities of type ^(1, 1, 1), one quotient singularity of type 
|(1,2, 1), one quotient singularity P of type |(1,2,3), and one quotient singularity Q of type 
1(1,3,1). 
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We have the fohowing elhptic fibration: 




where 

• ip is the natural projection, 

• Op is the Kawamata blow up at the point P with weights (1, 2, 3), 

• oq is the Kawamata blow up at the point Q with weights (1,3, 1), 

• Pq is the Kawamata blow up with weights (1,3,1) at the point whose image to X is the 
point Q, 

• (5p is the Kawamata blow up with weights (1, 2, 3) at the point whose image to X is the 
point P, 

• ?7 is an elliptic fibration. 

Because we mainly consider the pencil | — 2Kx \ , we let D be a general surface in | — 2Kx \ ■ 
It follows from Corollarv l0.3.8l and Lemmas 10.3.31 [0.3.101 and l0.3.rT] that we may assume that 
C§(X,i>J) c{P,Q}. 

Lemma 2.2.1. // the log pair [X, ^M) is terminal at the point P, then M = \ — 2Kx\- 

Proof. Suppose that the log pair (X, is terminal at the point P. Then, the set 

C§(f7Q, ^A^c/g) contains the quotient singular point Qi of type ^(1,1,1) on Uq contained in 
the exceptional divisor E of aq. Let 7q : Wq Uq be the Kawamata blow up at the singular 
point Qi with weights (1, 1, 1). 

Then, | — 2K\Yq \ is the proper transform of the pencil | — 2Kx \ and the base locus of the pencil 
I — 2Kwq I consists of the irreducible curve Cwq ■ We can easily check Dw^ ■ Cwq = ~^^Wq ^ ^■ 
Hence, we have ^A = \ — 2Kx\ by Theorem 10.2.91 since M.Wq ~q —nKy/q by Lemma [0.2.61 □ 

Therefore, we may assume that the set CS(X, ^M.) contains the point P. Let F be the 
exceptional divisor of the birational morphism ap. Then, it contains two singular points Oi and 
Pi of types ^(1, 1, 1) and ^(1, 2, 1), respectively. 

Lemma 2.2.2. The set C§{Up, ^Aiup) cannot contain the point Oi. 

Proof. Suppose that the set C§(C/p, -Mup) contains the point Oi. Let jp : Wp —>■ Up be the 
Kawamata blow up at the point Oi with weights (1, 1, 1). Let Gi be the exceptional divisor of 
the birational morphism 7p. Then, we have 

Mwp ~Q -nKwp ~Q -jpi-nKup) - -G\. 

Let B be the proper transform of the linear system | — 'iKx \ by the birational morphism apo^p. 
We then see that B ~q ■^*p{—2>Kup) — ^Gi. The base curve of B consists of the proper transform 
Cwp- Furthermore, B ■ Cwp = j2i where P is a general surface in B. However, we obtain a 
contradictory inequalities 

= m-SKup) - ■ m-nKup) - \G^f 

= i-fU-^Kup) - ^Gi) • Ml • M2 > 0, 
where Mi and M2 are general surfaces in M^p. □ 
Lemma 2.2.3. // the set CE>{Up, ^Mup) contains the point Pi, then = | — 2Kx\- 
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Proof. The proof of Lemma 12.2.11 implies the statement. 

Proposition 2.2.4. If 2 = 23, then the linear system \ 
X. 



□ 



2Kx I is a unique Halphen pencil on 



Proof. By the previous arguments, we may assume that the set CS(C/p, y^AAjjp) consists of the 
single point O such that ap{0) = Q. The set C§(VF, ^Aiw) must contain the singular point 
in the exceptional divisor of the birational morphism Pq. Then, the proof of Lemma 12.2.11 
completes the proof. □ 



From now on, we consider the case 2 = 44. The threefold X is a general hypersurface of 
degree 20 in P(l,2,5,6,7) with —K^ = The singularities of the hypersurface X consist of 
three quotient singular point of type |(1, 1, 1), one quotient singular point P of type ^(1, 2, 5), 
and one quotient singular point Q of type g(l, 5, 1). 

We have the following elliptic fibration: 



1,2,5), 




x- 



where 



• is the natural projection, 

• ap is the Kawamata blow up at the point P with weights (1, 2, 5), 

• oq is the Kawamata blow up at the point Q with weights (1, 5, 1), 

• Pq is the Kawamata blow up with weights (1, 5, 1) at the point whose image to X is the 
point Q, 

• Pp is the Kawamata blow up with weights (1, 2, 5) at the point whose image to X is the 
point P, 

• ?7 is an elliptic fibration. 

The hypersurface X can be given by the quasihomogeneous equation of degree 20 as follows: 

w'^t + wfisix, y, z, t) + /2o(x, y, z, t) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Consider the linear subsystem of the 
linear system | — QKx \ defined by equations 

Aot + Xiy^ + A2y^x2 + X^yx^ + X^x*^ = 0, 

where (Aq : Ai : A2 : A3 : A4) G F^. It gives us a rational map ^ : X --->■ that is defined in the 
outside of the point P. The closure of the image of the rational map is the surface P(l, 1, 3), 
which can be identified with a cone over a smooth rational curve of degree 3 in P^. Moreover, 
the normalization of a general fiber of the rational map ^ is an elliptic curve. Therefore, we have 
another elliptic fibration as follows: 



Up 



Y 



OLp 



X 



VO 

P(l,l,3), 



where 



• 7 is the Kawamata blow up with weights (1,2,3) at the singular point of Up that is a 
quotient singularity of type ^(1, 2, 3) contained in the exceptional divisor of ap, 

• rjo is an elliptic fibration. 
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It follows from Lemmas [OM] and [OXIO] that the set C§(X, ^M) C {P,Q}. 

The only different part from the proof for the case H = 23 is Lemma 12.2.31 Therefore, it 
is enough to show that if the set CS(C/p, ^M.Up) contains the quotient singularity Pi of type 
2, 3) contained in the exceptional divisor of ap, then A4 = \ — 2Kx\- Suppose that the set 
contains the point Pi. Then, the set CS(y, contains a singular point. The exceptional 

divisor F of the birational morphism 7 contains two singular points P{ and Pg of ^ that are 
quotient singularities of types ^(1,1,1) and ^(1,2,1). 

By Lemma [MTl we may assume that the set C§{Y, ^My) C {P{,P^}. 

Lemma 2.2.5. The set CS{Y, ^My) cannot contain the point P[. 

Proof. Suppose that the set CS(y, ^A4y) contains the point P[. Then, we consider the Kawa- 
mata blow up cii : Yi ^ y at the point P[ with weights (1, 1, 1). Let T be the linear subsystem 
of the linear system | — QKx \ defined by the equations 

Xot + Aix^ + X2xS + hx^y"^ = 0, 
where (Aq : Ai : A2 : A3) G P^. Then, for a general surface T in the linear system T, we have 

Ty, ~Q (qp o 7 o ain-6Kx) - ^(7 o ^i)*(^) - ^c^liF) - G, 

where E and G are the exceptional divisors of the birational morphisms a p and ai , respectively. 
In addition, we see 

Pn~Q {^oainE)-^al{F)-^G. 

Let L be the unique curve in the linear system |Op(i,2,5)(l)l the surface E. The base locus 
of the proper transform 7y^ contains the irreducible curve Gy^ and the irreducible curve Ly^ 
such that 

TVi • Sy-^ = Gy^ + Ly^ , Ty^ ■ Ey^ = 2Ly^ . 
The surface Ty^ is normal and 

Cl, = L^, = Cy, ■Ly,=^ 

on the surface Ty^ . The intersection form of the curves Gy^ and Ly-^ is negative-definite on the 
surface Ty^. Because A^yjTy-j = nSy^^lTy-^^ = nCy^ + uLy^, we obtain an contradictory identity 
M=T from Theorem l0X9l ' ' □ 

Proposition 2.2.6. If 2 = 44, then the linear system \ — 2Kx\ is a unique Halphen pencil on 
X. 

Proof. By Lemma [2.2.51 we may assume that the set C§(y, ^M.y) contains the point P2. Let 
(T2 : ^2 — ^ y be the Kawamata blow up at the point P2. Then, the pencil | — 2Ky^ \ is the proper 
transform of the pencil | — 2Kx \ and its base locus consists of the irreducible curve Gy^ ■ We 
can easily check —Ky^ ■ Gy^ = —2Ky^ < . Hence, we obtain the identity M = \ — 2Kx\ from 
Theorem 10.2.91 because A^yj —nKy^ by Lemma lO. 2. 61 □ 

2.3. Cases :I = 27, 42, and 68. 

The aim of this section is to prove the following: 

Proposition 2.3.1. Ifl = 27, 42, or 68, then the linear system \ — aiKx\ is a unique Halphen 
pencil on X . 

We first consider the case 2 = 68. Let X be the hypersurface given by a general quasihomoge- 
neous equation of degree 28 in P(l,3,4, 7, 14) with —K'^ = The singularities consist of two 
quotient singular points P and Q of type y(l,3, 4), one point of type |(1,1,2), and one point 
of type i(l,l,l). 
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We have a commutative diagram 

V 




1,3,4), 



where 



• if) is the natural projection, 

• TTp is the Kawamata blow up at the point P with weights (1,3,4), 

• ttq is the Kawamata blow up at the point Q with weights (1,3,4), 

• (Tq is the Kawamata blow up with weights (1,3,4) at the point Qi whose image by the 
birational morphism vrp is the point Q, 

• (Tp is the Kawamata blow up with weights (1,3,4) at the point Pi whose image by the 
birational morphism vtq is the point P, 

• is an elliptic fibration. 

The set C§(X, ^A4) is nonempty by Theorem I0.2.4[ We may also assume that 



C P, 



V n 

due to Lemma [0.3.31 and Corollary 10.3.71 Suppose that the set C§(X, ^M.) contains the point 
P. The exceptional divisor E = P(l,3, 4) of the birational morphism irp contains two quotient 
singular points Oi and O2 of types |(1, 3, 1) and |(1, 2, 1), respectively. 

Lemma 2.3.2. The set C§(Yp, ^Myp) cannot contain the point 02- 

Proof. Suppose so. We then consider the Kawamata blow up a : U — > Yp at the point O2 with 
weights (1,2,1). Let V be the proper transform of the linear system | — 4i^x| on X by the 
birational morphism vrp o a. Its base locus consists of the irreducible curve Cjj. For a general 
surface Djj in V, we have 

Du ~Q (vrp o ay{-4Kx) - ^a*{E) - ^F, 
where F is the exceptional divisor of a. The surface Djj is normal. We also have 

Su 



{^oan-Kx)-\a*iE)-^F 



and Sjj ■ Djj = Cij. On the normal surface Djj, the curve Cu has negative self- intersection 
number C^ 



However, we have 
Mu 



Du 



= —nKjj 



Du 



nCu- 



Therefore, Theorem 10.2.91 implies Ai 
I — 4:Kx I is not a pencil. 



-4:Kx\- It is a contradiction because the linear system 

□ 



Lemma 2.3.3. // the set C§(Yp, ^Mvp) contains the point Oi, then M. = \ — 3i^x|- 

Proof. Let /3 : TV — > Yp be the Kawamata blow up at the point Oi with weights (1,3, 1). We 
consider the proper transform V of the pencil | —2>Kx \ by the birational morphism vrpo/?. Its base 
locus consists of the irreducible curve Cw- Because the curve Cw has negative self-intersection 
on a general surface in V and a general surface in V is normal, we can obtain M = \ — 2>Kx\ 

□ 



from Theorem 0231 
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Therefore, we may assume that the set C§{Yp, ^M-Yp) consists of the single point Qi. The 
exceptional divisor of ag contains two singular points Q2 and Q3 of types 3, 1) and |(1, 2, 1), 
respectively. Then, the set C§(y, ^A4v) is nonempty. Furthermore, it must contain either the 
point Q2 or the point Q3. However, the proof of Lemma 12.3.21 shows it cannot contain the point 
Qs. Also, Lemma [2 . 3 . 3 1 shows that = | — 3Kx \ if the set CS(F, ^My) contains the point Q2- 

Following the same way, we can also conclude that M = \ - 3Kx\ if the set CS(X, ^M) 
contains the point Q. 

In the case H = 42, the hypersurface X is given by a general quasihomogeneous equation of 
degree 20 in P(l,2,3, 5, 10) with —K^ = j^. The singularities consist of two quotient singular 
points P and Q of type ^(1, 2, 3), one point of type ^(1, 2, 1), and two points of type ^(1, 1, 1). 

We have a commutative diagram 




where 

• ip is the natural projection, 

• TTp is the Kawamata blow up at the point P with weights (1, 2, 3), 

• ttq is the Kawamata blow up at Q with weights (1, 2, 3), 

• CTQ is the Kawamata blow up with weights (1,2,3) at the point Qi whose image by the 
birational morphism vrp is the point Q, 

• dp is the Kawamata blow up with weights (1,2,3) at the point Pi whose image by the 
birational morphism ttq is the point P, 

• is an elliptic fibration. 

Using the exactly same method as in the case 2 = 68, one can show that A4 = \ — 2Kx\- 
From now, we consider the case H = 27. Let X be the hypersurface given by a general 
quasihomogeneous equation of degree 15 in P(l,2,3,5,5) with -K\ = The singularities 
consist of three quotient singular points Pi, P2, and P3 of type |(1, 2, 3) and one point of type 
i(l,l,l). 

And we have a commutative diagram 



Y 




X ---P(l,2,3), 

w 

where 

• if) IS the natural projection, 

• TT is the Kawamata blow ups at the points Pi, P2 and P3 with weights (1, 2, 3), 

• ?7 is an elliptic fibration. 

Even though three singular points are involved in this case, the same method as in the previous 
cases can be applied to obtain M. = \ — 2Kx \ ■ 

2.4. Case 2 = 32, hypersurface of degree 16 in P(1, 2, 3, 4, 7). 

The hypersurface X is given by a general quasihomogeneous polynomial of degree 16 in 
P(1,2,3,4, 7) with —K'^ = The singularities of the threefold X consist of four quotient 
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singular points of type ^(1, 1, 1), one quotient singular point of type 2, 1), and one quotient 
singular point P of type 4(1,3,4). There is a commutative diagram 



U 



X 



Y 



V 

(1,2,3), 



where 

• ip is the natural projection, 

• a is the Kawamata blow up at the point P with weights (1,3,4), 

• /? is the Kawamata blow up with weights (1, 1,3) at the singular point Q of the variety 
U that is a quotient singularity of type |(1, 1, 3) contained in the exceptional divisor of 

a, 

• ?7 is an elliptic fibration. 

The hypersurface X can be given by the quasihomogeneous equation 

w'^y + wfg (x, y, z, t) + fiQ (x, y, z,t) =0 

where fg and fiQ are quasihomogeneous polynomials of degrees 9 and 16, respectively. Let D 
be a general surface in | — 2Kx | • It is cut out on the threefold X by the equation 

Ax^ + /xy = 0, 

where (A : fi) E P^. The surface D is irreducible and normal. The base locus of the pencil 
I — 2Kx\ consists of the curve C, which implies that C = D ■ S. 

If the set C§(X, ^M) contains the singular point of type i(l, 2, 1), we obtain M = \ — 2Kx\ 
from Lemma IU.3.111 It then follows from Corollary l(J.3.7l and Lemma IU.3.31 that 



:§(x, -M 

n 



Furthermore, the set C§(C/, ^M.u) is not empty by Theorem 10.2.41 because —Kjj is nef and big. 

The exceptional divisor E = P(l,3,4) of the birational morphism a contains two singular 
points O and Q that are quotient singularities of types ^(1, 1, 2) and |(1, 1, 3), respectively. Let 
L be the unique curve contained in the linear system |Op(i 3 4)(1)| on the surface E. Let F be 
the exceptional divisor of /3. It contains a singular point Qi that is quotient singularity of type 
1(1,1,2). 

Then, it follows from Lemma EMI that either Q € C§([/, ^Mu) or C§{U, ^^Mu) = {O}. 

Lemma 2.4.1. If the set C§(C/, ^-Mu) consists of the point Q, then AA = \ — 2Kx\- 

Proof. It follows from Lemma 10.2.61 that Aiy ~(Q —nKy, which implies that every surface in 
the pencil Ady is contracted to a curve by the morphism rj and the set CS(y, ^A4y) contains 
the point Qi. 

Let TT : V ^ Y he the Kawamata blow up at the point Qi with weights (1, 1, 2). Then, the 
transform Dy is normal but the base locus of the pencil | — 2Kv\ consists of the irreducible 
curves Cy and Ly. 

The intersection form of the curves Cy and Ly on the surface Dy is negative-definite because 
the curves Cy and Ly are components of a fiber of the elliptic fibration r] o tt\dv that contains 
three irreducible components. On the other hand, we have 



M 



V 



= —nKy 



Dv 



= nCy + uL 



V- 



Therefore, it follows from Theorem 10.2.91 that M 



2Kx\. 



□ 
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From now on, we may assume that the set C§(C/, ^M.u) contains the point O due to 
Lemma 10.2.71 Let 'j : W ^ U he the Kawamata blow up at the point O with weights (1, 1, 2) 
and G be the exceptional divisor of the birational morphism 7. Then, the surface G = P(l, 1, 2) 
and 

Tl ft ft 

Mw ~(Q -nKw ~(Q ^*{-nKu) - -G {a o 7)*(-ni^x) - y7*(-E') - -G. 

In a neighborhood of the point P, the monomials x, z, and t can be considered as weighted 
local coordinates on X such that wt(x) = 1, wt(z) = 3, and wt(z) = 4. Then, in a neighborhood 
of the singular point P, the surface D can be given by equation 

+ fi (^eix^ + e2zx^ + e^z'^x^ + 64^^ + e^t'^x + e^tx^ + ejtzx"^ + hiQ {x,z,t) + higher terms^ = 0, 

where € C and hiQ is a quasihomogeneous polynomial of degree 16. In a neighborhood of the 
singular point O, the birational morphism a can be given by the equations 

X = XZ'', Z = ZT, t = tz'', 

where x, y, and z are weighted local coordinates on the variety [/ in a neighborhood of the 
singular point O such that wt(5;) = 1, wt(z) = 2, and wt(i) = 1. 

In a neighborhood of the point O, the surface E is given by z = 0, the surface Du is given by 

O f Q f\ Q — o — c — Q \ 

Ax + /i( eix z + €2zx + eszx + e^z + est x5 + egtx z + ertzx + higher terms 1 = 0, 

and the surface Sjj is given by the equation x = 0. 

In a neighborhood of the singular point of G, the birational morphism 7 can be given by 

__1 _2 ~ __1 

x = xzs, z = zs, t = tz3, 

where x, z and t are weighted local coordinates on the variety in a neighborhood of the 
singular point of G such that wt(x) = wt{z) = wt(t) = 1. The surface G is given by the 
equation z = 0, the proper transform Dyy is given by 

Ax^ + fiieix^z^ + e2z'^x^ + e^zx^ + £4 + e^Pxz + e^tx^z'^ + ejtzx'^ + higher terms ) = 0, 



the proper transform Sw is given by the equation x = 0, and the proper transform E]y is given 
by the equation z = 0. 

Let V be the proper transforms on the variety W of the pencil | — 2Kx\- The curves Cw and 
Lw are contained in the base locus of the pencil V. Moreover, easy calculations show that the 
base locus of the pencil V does not contain any other curve than Gw and Lw- We also have 

^ Ew ~Q l*iE) - ^F, 
I^H- ~Q (a o 7) * ( - 2Kx) - ^7* {E) - ^G, 

Sw ~Q (ao7)*( - Kx) - ^1*{E) - ^G, 

Also, we have Gw + Lw = Sw ■ L>w and 2Lw = Dw ■ Ew- 

The curves Cw and Lw can be considered as irreducible effective divisors on the normal 
surface Dw- Then, it follows from the equivalences above that 

which implies that the intersection form of Cw and Lw on Dw is negative-definite. Let M be 
a general surface of the linear system A4w Then, 



M 



= —nKw 

Dw 



= nSw 

Dw 



= nCw + nLw, 

Dw 



which implies that M = \ — 2Kx \ by Theorem 10.2.91 
Consequently, we have proved 
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Proposition 2.4.2. The linear system \ — 2Kx\ is the only Halphen pencil on X. 

2.5. Cases II = 33 and 38 

For the case 1 = 38, let X be the hypersurface given by a general quasihomogeneous equation 
of degree 18 in P(l, 2, 3, 5, 8) with -K\ = ^. Then, the singularities of X consist of two singular 
points P and Q that are quotient singularities of types 2, 3) and |(1, 3, 5), respectively, and 
two points of type ^(1, 1, 1). 

We have the following commutative diagram: 




where 

• ^ is the natural projection, 

• (Xp is the Kawamata blow up at the point P with weights (1, 2, 3), 

• oq is the Kawamata blow up at the point Q with weights (1,3,5), 

• (3q is the Kawamata blow up with weights (1,3,5) at the point whose image by the 
birational morphism ap is the point Q, 

• (3p is the Kawamata blow up with weights (1,2,3) at the point whose image by the 
birational morphism aq is the point P, 

• (3o is the Kawamata blow up with weights (1, 3, 2) at the singular point O of the variety 
Uq that is a quotient singularity of type |(1,3, 2) contained in the exceptional divisor 
of the birational morphism ag, 

• 7p is the Kawamata blow up with weights (1,2,3) at the point whose image by the 
birational morphism aq o f3o is the point P, 

• 7o is the Kawamata blow up with weights (1,3,2) at the singular point of the variety 
Upq that is a quotient singularity of type ^(1,3,2) contained in the exceptional divisor 
of the birational morphism /3q, 

• ?7 is an elliptic fibration. 

By Lemma 10.3.31 and Corollary 10.3.71 we may assume that 

The exceptional divisor Ep of the birational morphism ap contains two quotient singular 
points Pi and P2 of types ^(1, 2, 1) and ^(1, 1, 1), respectively. 

Lemma 2.5.1. // the set CS{Up, ^-Mup) contains the point Pi, then A4 = \ — 2Kx\- 

Proof. Suppose it contains the point Pi. Let f3i : Wi — > Up be the Kawamata blow up at the 
point Pi with weights (1, 2, 1). The pencil | — i^vi/^ | is the proper transform of the pencil | — 2Erx |- 
Its base locus consists of the irreducible curve Cwi ■ 

For a general surface Dwi in [ — 2Kwi \ , we can easily check Dwi ■ Cwi = < 0. Hence, 

we obtain M. = \ — 2Kx \ from Theorem 10.2.91 because '^Q nDyi/-^ by Lemma [0.2.61 □ 

Lemma 2.5.2. The set C§>{Up, ^Mup) cannot contain the point P2. 
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Proof. Suppose it contains the point P2- Let P2 '■ W2 Up he the Kawamata blow up at 
the point P2 with weights (1, 1, 1). Also, let I'2 be the proper transform of the linear system 
I — 3Kx I by the birational morphism ap o (52- Its base locus consists of the irreducible curve 
Cw2- A general surface in is normal and the self-intersection is negative on the 
surface D]y^. Because M.W2\dw2 = "'^C'vyj! we obtain an absurd equality Ai = \ — 3Kx\ from 
Theorem lOMl ^ □ 

Meanwhile, the exceptional divisor E = P(l, 3, 5) of the birational morphism ag contains two 
singular points O and Qi of types ^(1,3,2) and ^(1,1,2), respectively. For the convenience, let 
L be the unique curve on the surface E contained in the linear system |Cp(i 3 5)(1)| 

Lemma 2.5.3. // the set CS{Uq, ^M.Uq) contains the point Qi, then A4 = \ — 2Kx\- 

Proof. Let vri : Vi ^ Uq be the Kawamata blow up at the point Qi with weights (1, 1, 2). The 
pencil I — 2Kvi \ is the proper transform of the pencil | — 2Kx\- Its base locus consists of the 
irreducible curves Cv^, Ly^, and a curve L on the exceptional divisor Fq = P(l,l,2) of the 
birational morphism tti contained in the linear system |Cp(i,i,2)(l)l- 
Let Dvi be a general surface in [ — 2Kvi\. We see then 

Svi ■ = Cvi + + L, Evi ■ = 2Lvi , Fq ■ Dy^ = 2L. 
Using the following equivalences 

1 



Evi ~Q 








V 





Kx) -\^1{E) -\fq, 
-2Kx)-17:1{E)-Ifq, 



we obtain 



on the normal surface Dvi • One can see that the intersection form of these three curves on Dy^ 
is negative-definite. Let M be a general surface in the linear system My^- Then, 



M 



nSvi = nCvi + nLy^ + nL, 



which implies that M = \ - 2Kx \ by Theorem 10.2.91 □ 

The exceptional divisor Fq of the birational morphism [3o contains two quotient singular 
points Oi and O2 of types 1, 2) and ^(1, 1, 1), respectively. 

Lemma 2.5.4. If the set CS{Uqo, ^-^Uqo) contains the point Oi, then A4 = \ — 2Kx\- 

Proof. Let ai -.Ui ^ Uqo be the Kawamata blow up at the point Oi with weights (1, 1, 2). The 
pencil I — 2K[/J is the proper transform of the pencil | — 2Kx\- Its base locus consists of the 
irreducible curves Cu^ and . 

Let Dij^ be a general surface in | — 2Kij-^ \ . We see then 

Sui ■ = + Luj^, Eui ■ = 2Lu^. 

Using the same argument as in Lemma [2.5.31 one can see that the intersection form of these two 
curves on Dij^ is negative-definite, and hence ^A = \ — 2Kx\- □ 

Lemma 2.5.5. The set C§>{Uqo, Ii-^Uqo) cannot contain the point 02- 
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Proof. Let a2 '■ U2 ^ Uqq be the Kawamata blow up at the point O2 with weights (1, 1, 1) 
and let T> be the proper transform of the linear system | — 3-fCx| by the birational morphism 

The base locus of the linear system V consists of the irreducible curve Cf/j . The same method 
as in Lemma 12.5.11 shows that A4 = \ — 3Kx\, which is a contradiction. □ 

Proposition 2.5.6. If = 38, then the linear system \ — 2Kx\ is the only Halphen pencil on 
X. 

Proof. Due to the previous lemmas, we may assume that 

Following the Kawamata blow ups Y — > Uqo Uq X and using Lemmas 12.5.31 12.5.41 
and 12.5.51 we can furthermore assume that the set C§(y, -My) contains one of singular points 
contained in the exceptional divisor of the birational morphism 7p. In this case, Lemmas 12.5.11 
and 12.5.2] implv the statement. □ 

From now, we consider the case 2 = 33. The variety X is a general hypersurface of degree 
17 in P(l,2,3, 5,7) with —Kf^ = The singularities of X consist of one quotient singularity 
of type ^(1, 1, 1), one point that is a quotient singularity of type |(1, 2, 1), one point P that is 
a quotient singularity of type |(1,2,3), and one point Q that is a quotient singularity of type 
7(1,2,5). 

We have a commutative diagram as follows: 




where 

• ip is the natural projection, 

• ap is the Kawamata blow up at the point P with weights (1, 2, 3), 

• qq is the Kawamata blow up at the point Q with weights (1, 2, 5), 

• Pq is the Kawamata blow up with weights (1, 2, 5) at the point whose image to X is the 
point Q, 

• (3p is the Kawamata blow up with weights (1, 2, 3) at the point whose image to X is the 
point P, 

• Po is the Kawamata blow up with weights (1,2,3) at the quotient singular point O of 
type ^(1,2,3) contained in the exceptional divisor of the birational morphism ag, 

• 7p is the Kawamata blow up with weights (1, 2, 3) at the point whose image to X is the 
point P, 

• 70 is the Kawamata blow up with weights (1, 2, 3) at the quotient singular point of type 
^(1,2,3) contained in the exceptional divisor of the birational morphism /Sq, 

• ?7 is an elliptic fibration. 

It follows from Lemma 10.3.101 that the set CS(X, ^M) does not contain the singular point of 
type ^(1, 1, 1). Moreover, Lemma fO . 3 . 1 1 1 implies that if the set C§(X, ^A4) contains the singular 
point of type ^(1,2,1), then = \—2Kx\- Therefore, due to Corollarv 10.3.71 and Lemma lO.3.31 
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we may assume that 

c§(x,^x) c {p,q}. 

Proposition 2.5.7. If 1 = 33, then the linear system \ — 2Kx\ is the only Halphen pencil on 
X. 

The proof is almost same as the proof of the case 2 = 38. Lemmas 12.5.11 and 12.5.21 work for 
the case 2 = 33. 

The exceptional divisor E = P(l,2,5) of the birational morphism aq contains two singular 
points O and Qi of types 2, 3) and ^(1, 1, 1), respectively. For the case 2 = 33, Lemma [2.5.31 
should be replaced by the following: 

Lemma 2.5.8. The set C§(C/q, ^^-Muq) cannot contain the point Qi. 

Proof. Suppose that it contains the point Qi. Let tti : Vi ^ Uq be the Kawamata blow up at 
the point Qi. Consider the linear system T on X cut out by the equations 

\ot + Aix^ + \2X^y = 0, 

where (Aq : Ai : A2) G IP^. For a general surface T in T, we have 

Tv^ ~Q {aq o 7ri)*(-5i^x) - ^{E) - ^Fq, 

where Fq is the exceptional divisor of the birational morphism vri. The base locus of the proper 
transform Tpi consists of the irreducible curve Cvi- The surface Ty^ is normal and Cy^ < on 
Tvi- Because MviItv^ = it-Svi\tv^ = nCv^ we obtain an contradictory identity A4 = V from 
Theorem lOMl ' ' □ 

The exceptional divisor Fq of the birational morphism Po contains two quotient singular 
points Oi and O2 of types ^(1,1,1) and |(1,2, 1), respectively. Lemma [2.5.41 should be also 
replaced by the following: 

Lemma 2.5.9. The set CS{Uqo, ^i-^Uqo) cannot contain the point Oi. 

Proof. Suppose it contains the point Oi. Let ai : Ui ^ Uqo be the Kawamata blow up at the 
point Oi with weights (1, 1, 1). Let D be the proper transform of the linear system | — 3-fCx| 
by the birational morphism aq o (5o o ui- Its base locus consists of two irreducible curves. One 
is the curve Cu^ and the other is the proper transform Ljj^ of the unique curve L in the linear 
system |Cp(i,2,5)(l)l on the surface E. For a general surface Du^ in D, 

' Eu, ~Q (/3o o a^Y{E) - ^al{Fo) - \g, 

< Su, ~Q («Q o o cj^Y{-Kx) -\{(3oo aiTiE) - ^al{Fo) - \g, 

^ Du, ~Q {aq o (3o o ai)*(-3i^x) -^{Pqo aiYiE) - ^at(Fo) - \g, 

where G is the exceptional divisor of cji. We see also 

Sui ■ F)ui = Cu^ + Ljj^, Ejj^ ■ Djj^ = 2Lu^. 

Using the same argument as in Lemma [2.5.3[ one can see that the intersection form of these two 
curves on Djj^ is negative-definite, and hence M = \ — 2>Kx\- It is a contradiction. □ 

Finally, we complete the proof of Proposition 12 . 5 . 7l bv replacing Lemma [2. 5. 5 1 bv the following: 

Lemma 2.5.10. // the set CS{Uqo, ^-^c/qo) contains the point O2, then M = \ — 2Kx\- 

Proof. Let a2 '■ U2 ^ Uqo be the Kawamata blow up at the point O2 with weights (1, 2, 1). The 
pencil I — 2Ku2\ is the proper transform of the pencil | — 2Kx\- Its base locus consists of the 
irreducible curve Gu2- Because M.U2 ~(Q —nKu^ and —Kfj^ ■ Cc/j < 0, we obtain M. = \ — 2Kx\ 
from Theorem 10.2.91 □ 
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2.6. Cases 2 = 37, 39, 52, 59, 73 , and 78. 

Suppose that 2 £ {37,39,52,59,73}. Then, the threefold X C P(l, ai, 02, as, 04) always 
contains the point O = (0 : : : 1 : 0). It is a singular point of X that is a quotient singularity 
of type ^(1,02, as - 02). 

We also have a commutative diagram as follows: 



Y 




where 

• ^ is the natural projection, 

• TT is the Kawamata blow up at the point O with weights (1,02,03 — 02), 

• ?7 is an elliptic fibration. 

Proposition 2.6.1. If2£ {37,39,52,59,73}, then M = \ - aiKx\. 

Proof. We may assume that the set CS(X, ^M) consists of the point O by Lemmas I0.3.3(l073. 101 
10.3.111 and Corollary lOXTl 

Let P be the singular point contained in the exceptional divisor of the birational morphism 
TT that is a quotient singular point of type ^(1, 2 — 1,1). Then, the set CS(y, ^My) contains 
the point P by Theorem 10.2.41 and Lemma 10.2.71 

Let a : — > y be the Kawamata blow up at the point P with weights (1,02 — 1, 1), and V 
be the proper transforms of the pencil | — aiKx\ by the birational morphism tt o a. Then, 

V ~(Q -aiKw, Mw ~([2 -nKw- 

One can easily check that the base locus of the pencil V consists of the irreducible curve Cw- 
A general surface D in the pencil V is normal and the inequality < holds on the surface 
D, which implies that M = \ — aiKx\ by Theorem 10.2.91 □ 

Proposition 2.6.2. If 2 = 78, then M = \- aiKx\. 

Proof. The only different thing from the proof of Proposition l2.6.l] is that the exceptional divisor 
E contains another singular point Q. It is a quotient singularity of type ^(1, 1, 1). For the case 
2 = 78, we have to consider the case when CS(y, ^My) = {Q}- In this case, applying the 
method in Proposition 12.6.11 to the Kawamata blow up at the point Q and the linear system 
I — a2Kx\, we can easily obtain Ai = \ — a2Kx\- However, it is a contradiction because the 
linear system | — a2i^'x| is not a pencil. Therefore, the case when CS(y, -My) = {Q} never 
happens. □ 

2.7. Cases 2 = 40 and 61. 

For the case H = 40, let X be the hyper surf ace given by a general quasihomogeneous equation 
of degree 19 in P(l,3,4,5,7) with —K'^ = Then, the singularities of X consist of one 

quotient singular point P of type ^(1,3, 4), one quotient singular point Q of type |(1,3,2), one 
point of type |(1,3, 1), and one point of type |(1,1,2). 

We have a commutative diagram 
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where 

• ^ is the natural projection, 

• TTp is the Kawamata blow up at the point P with weights (1,3,4), 

• TTQ is the Kawamata blow up at the point Q with weights (1, 3, 2), 

• cjQ is the Kawamata blow up with weights (1, 3, 2) at the point Qi whose image by the 
birational morphism ttp is the point Q, 

• ap is the Kawamata blow up with weights (1,3,4) at the point Pi whose image by the 
birational morphism ttq is the point P, 

• ?7 is an elliptic fibration. 

We may assume that 

CS(X,^7W) C {p,q} 

due to Lemmas [a3:3ll0.3.1Ul[0XTn and Corollary [0321 

The exceptional divisor Eg of the birational morphism ttq contains two singular point Qi 
and Q2 that are quotient singularities of types |(1, 1, 2) and ^(1, 1, 1), respectively. 

Lemma 2.7.1. The set CS{Yq, ^-Myq) contain neither the point Qi nor the point Q2. 

Proof. Suppose that the set C§(yQ, ^Myq) contains the point Qi. We then consider the Kawa- 
mata blow up Q!i : f7i ^ Yq at the point Qi with weights (1,1,2). Let Vi be the proper 
transform of the linear system | — 7Kx\ by the birational morphism ai o ttq. We have 

~(Q -nKu^ ~Q (ttq o ai)*{-nKx) - -aKEq) - -Fi, 

where Fi is the exceptional divisor of ai. Let Di be a general surface in Di. Because the base 
locus of the linear system Vi does not contain any curve, the divisor Di is nef. We then see 

2 2 

Di ~Q (ttq o ai)*{-7Kx) - ^a^^g) - -^Fi, 

which shows 

• Ml • M2 = ((ttq o aiTi-rKx) - laliEg) - ^Fi) ((^q o aiYi-nKx) - %]:(i?Q) - ^^i) 




where Mi and M2 are general surfaces in Mui- It is a contradiction. 

To exclude the point Q2, we use the exactly same method. □ 

Meanwhile, the exceptional divisor Ep of the birational morphism vrp contains two singular 
point Pi and P2 that are quotient singularities of types \{1,3, 1) and ^(1,2, 1), respectively. 

Lemma 2.7.2. // the set C§(Yp, ^TWyp) contains the point Pi, then A4 = \ — 3i^x|- 

Proof. Suppose that the set CS(Yp, ^M-Yp) contains the point Pi. Let (3i : Wi — Yp be the 
Kawamata blow up at the point Pi with weights (1,3, 1). Also, let Ci be the proper transform 
of the linear system | — 3Kx\ by the birational morphism f3i o irp. Then, the base locus of the 
linear system Ci consists of the irreducible curve Cwi- Let Hi be a general surface in Ci. Then, 
we have 

Hi ~Q (ttp o P2n-3Kx) - ^PUEp) - ^Gi, 

where Gi is the exceptional divisor of /3i. Then, the inequality —K\y-^ ■ Cwx = ~'3Ky^^ < and 
the equivalence Aiwi ~Q —nKwi imply A4 = \ — 3Kx\ by Theorem 10.2.91 □ 

Lemma 2.7.3. The set C§(Yp, ^A^Yp) cannot contain the point P2. 
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Proof. Suppose that the set CS(Yp, ^M-Yp) contains the point P2- Let /32 : W2 —>■ Yp be the 
Kawamata blow up at the point P2 with weights (1, 2, 1) and C2 be the proper transform of the 
Unear system | — 4:Kx\ by the birational morphism (32 ° t^p- Then, the base locus of the linear 
system C2 consists of the irreducible curve ■ 
Let H2 be a general surface in £2- Then, we have 



{ttp o l32n-4Kx) 



)(3*2{Ep)-Ig2, 



where G2 is the exceptional divisor of [32- The equivalence Aiw2 ~Q —nKw2 implies M\h2 = 
nCw2-, where M is a general surface in M\y2- Therefore, we obtain the identity M. = \— 4:Kx\ 

on the normal surface H2. However, it is a contradiction 

□ 



from Theorem lU.2.9l because 



because | — 4:Kx \ is not a pencil. 

Consequently, we have proved 
Proposition 2.7.4. The linear system \ — 3Kx\ is the only Halphen pencil on X. 

In the case H = 61, the hypersurface X is given by a general quasihomogeneous equation of 
degree 25 in P(l,4, 5,7, 9) with —K^ = It has three singular points. One is a quotient 
singular point P of type 4, 5), another is a quotient singular point Q of type ^(1) 5, 2), and 
the other is a quotient singular point of type |(1,3, 1). 

We have a commutative diagram 



1,4,5), 




X- 



where 



• if) \s the natural projection, 

• TTp is the Kawamata blow up at the point P with weights (1, 4, 5), 

• TTQ is the Kawamata blow up at the point Q with weights (1, 5, 2), 

• (TQ is the Kawamata blow up with weights (1, 5, 2) at the point Qi whose image by the 
birational morphism vrp is the point Q, 

• (Tp is the Kawamata blow up with weights (1,4,5) at the point Pi whose image by the 
birational morphism vtq is the point P, 

• is an elliptic fibration. 

Proposition 2.7.5. The linear system \ — 4:Kx\ is the only Halphen pencil on X . 

Proof. The proof is exactly same as that of the case H = 40. □ 

2.8. Case H = 43, hypersurface of degree 20 in P(1, 2, 4, 5, 9). 

The threefold X is a general hypersurface of degree 20 in P(l,2,4,5,9) with -K^ = ^. The 
singularities of the hypersurface X consist of five points that are quotient singularities of type 
^(1, 1, 1) and the point O = (0 : : : : 1) that is a quotient singularity of type |(1, 4, 5). 

There is a commutative diagram 



U- 



/3 



Y 



X 



V 

(1,2,4), 



where 
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• ip is the natural projection, 

• a is the Kawamata blow up at the point O with weights (1, 4, 5), 

• /3 is the Kawamata blow up with weights (1,4, 1) at the singular point of the variety U 
that is a quotient singularity of type |(1,4, 1) contained in the exceptional divisor of a, 

• is an elliptic fibration. 

Due to Theorem 10.2.41 Lemmas I0.3.3| 10.3.101 and Corollary 10.3.71 we may assume 
C§(X, ^M) = {O}. 

Let E = P(l, 4, 5) be the exceptional divisor of the birational morphism a and D be a general 
surface of the pencil | — 2Kx\- The linear system | — 2Ku\ is the proper transform of the pencil 
I — 2Kx\- Its base locus consists of the curve Cjj and the unique curve L in the linear system 
I^P(i,4,5)(l)l on the surface E. 

The exceptional divisor E contains two singular points P and Q U that are quotient 
singularities of types |(1,3, 1) and |(1,4, 1), respectively. 

Lemma 2.8.1. The set C§(C/, ^-Mu) cannot contain a curve. 

Proof. Suppose that it contains a curve Z. Then, —Ku ■ Z = ^ hy Lemma I0.2.7[ Because 
—K^ = it contradicts Lemma |0.2.3[ □ 

Therefore, the set CS(C/, ^Mu) must contain either the point P or the point Q. 

Lemma 2.8.2. // the set CS{U, ^Mu) consists of the point P, then M = \ — 2Kx\ 

Proof. Let ^ : W ^ U he, the Kawamata blow up at the point P with weights (1,3, 1). The 
exceptional divisor of 7 contains the singular point Pi of the variety W that is a quotient 
singularity of type |(1, 2, 1). The pencil | —2Ky/\ is the proper transform of the pencil | —2Kx\- 

We first suppose that the set CS(Ty, ^M.w) contains the point Pi. Let t: : V ^ W he the 
Kawamata blow up at the singular point Pi with weights (1, 2, 1) and 7i be the proper transform, 
on the threefold V , of the linear system | — f)Kx\- The pencil | — 2Ky \ is the proper transform 
of the pencil | — 2Kx \ ■ The base locus of the linear system Ti consists of the irreducible curve 
Cy whose image to X is the base locus of the linear system | — f)Kx \ ■ For a general surface H 
in 7i, we have H ■ Cy = 1 and = 6, which implies that the divisor H is nef and big. On the 
other hand, we have H ■ My ■ Dy = 0, where My is general surface in Aiy. Therefore, it follows 
from Theorem [0X9] that M = \- 2Kx\- 

From now, we suppose that the set CS(VF, ^A^vk) does not contain the point Pi, which implies 
that the log pair {W, ^M.w) is terminal by Lemma 10.2.71 

In a neighborhood of the point O, the monomials z, and t can be considered as weighted 
local coordinates on X such that wt(a;) = 1, wt(2;) = 4, and wt(t) = 5. Then, in a neighborhood 
of the singular point P, the Kawamata blow up a is given by the equations 

X = X59, z = Z'i, t = tZ9, 

where x, z, and t are weighted local coordinated on the variety [/ in a neighborhood of the 
singular point P such that wt(x) = 1, wt(i) = 3, and wt(t) = 1. The surface E is given by the 
equation z = 0, and the surface Sjj is given by the equation x = 0. Moreover, it follows from 
the local equation of the surface Du that Djj ■ Su = Cjj + 2L, where the curve L is locally given 
by the equations z = x = 0. 

In a neighborhood of the point Pi , the birational morphism 7 is given by the equations 

__i _l ~ -_i 
X = XZi, Z = Z4,, t = tz-i, 

where x, z, and t are weighted local coordinates on the variety 1^ in a neighborhood of the point 
Pi such that wt{x) = 1, wt(z) = 2, and wt(t) = 1. In particular, the exceptional divisor of the 
birational morphism 7 is given by the equation z = and the surface Sw is locally given by the 
equation x = 0. 
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Let F be the exceptional divisor of the birational morphism 7 and L be the curve on the 
variety W that is locally given by the equations z = x = 0. Then, 

Dw • Sw = Cw + 2LvF + L, Dw ■ Ew = 2Lw, F)w • F = 2L, 
while the base locus of | — 2Kw\ consists of the curves Cw, Lw, and L. We have 

2 - 2 

Dw ■ Cw = 0, Dw ■ Lw = Dw ■ L = -, 

5 6 

because 

' Dw ~Q (a o jr{-2Kx) - ^7*(^) " If, 
< Sw ~Q (a o jYi-Kx) - l7*iE) - ^F, 
Ew ~Q Y{E) - 7F. 

We also have 

' Si ~Q (a o ^n-2Kx) - Y^*{E) - ^F ~q (a o 7)*(-2i^x) - - ^F, 

Sly ~Q iao^y{-5Kx) - l7*iE) - ^F ~q {ao^yi-5Kx) - ^Ew - ^F, 
which implies that 

-UKw ~ UDw ~ 2S^ + 2Sly + 2Ew. 
The support of the cycle S*^ • Sy^ does not contain the curves L and Cw- Therefore, the base 
locus of the linear system | — lAKw\ does not contain curves except the curve Lw- 

The log pair {W, A| — 14i^iy |) is log-terminal for some rational number A > ^ but the divisor 
Kw + A| — lAKwl has non-negative intersection with all curves on the variety W except the 
curve Lw- Hence, it follows from [21] that there is a log-flip ( : W — * W along the curve Lw 
with respect to the log pair (W,A| — 14Kvk|)- In particular, the divisor —Kw' is nef. Thus, 
the singularities of the log pair {W\ ^M.w') are terminal because the singularities of the log 
pair {W, ^Mw) are terminal but the rational map C is a log flop with respect to the log pair 
{W, ^Mw)- Hence, the divisor —Kw' is not big by Theorem 10.2.41 and hence the divisor —Kw 
is not big either. 

The rational functions (a o j)* {-^) and (ao7)*(^) are contained in the linear systems |2S'v^'| 
and |75vk|, respectively. The equivalences 

S^ ~Q (a o 7)*(-4Kx) - ^1*{E) ~Q (a o 7)*(-4Kx) - ^Ew - ^F 

imply that —6Kw ~ S^^r + S^r + Ew- Thus, the rational function (a o is contained in 

the linear system iGS'vy], which implies that the linear system | — 4:2Kw\ maps the variety W 
dominantly on a threefolcH. Hence, the divisor —Kw is big, which is a contradiction. □ 

Therefore, we may assume that the set CE>{U, ^Aijj) contains the point Q. The exceptional 
divisor G oi (5 contains the singular point Qi of Y that is a quotient singularity of type 2, 1). 
However, we have the following statement. 

Lemma 2.8.3. // the set C§(y, -^My) contains the point Qi, then M = \ — 2Kx\- 

Proof. Suppose that the set CS(y, ^Aly) contains the point Qi. Let ai : Yi — > y be the 
Kawamata blow up at the singular point Qi. Then, the pencil | — 2Kyi \ is the proper transform 
of the pencil | — 2Kx \ and its base locus consists of the curves Cy^ and Ly^ . Thus, we see that 

-Ky,-Ly, = -\, -Ky,-Cy,=0 

''In fact, the linear system | — 2107^14/1 induces a birational map W ---» X' , where X' is a hypersurface of 
degree 30 in P(l, 2, 6, 7, 15) with canonical singularities. 
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because Dy^ ■ Sy^ = Cy^ + 2Ly^. Hence, the divisor B := Dy^ + {(3 o ai)* {—lOKu) is nef and 
big. On the other hand, B ■ Mvi ■ Dy^ = 0, where My^ is a general surface in My^. Therefore, 
we obtain My^ = \ — 2Ky^ \ from Theorem I0.2.9I □ 

Hence, we may assume that the set C§(y, ^Aiy) does not contain subvarieties of G. However, 
it is not empty by Theorem I0.2.4[ Therefore, it must consist of the point P whose image to U 
is the point P. 

Let a2 '■Y2 he the Kawamata blow up of the singular point P. The proof of Lemma [2.8.2l 
shows that the pencil M. coincides with | — 2Kx\ if the set CS(y2; ^-^^2) contains the singular 
point of the variety Y2 that is a quotient singularity of type 2, 1) contained in the exceptional 
divisor of the birational morphism a2- Therefore, we may assume that the log pair {Y2, ^-^Y2) 
is terminal by Lemma 10.2.71 

The pencil | — 2Ky^ \ is the proper transform of the pencil | — 2Kx \ and its base locus consists 
of the curves Cy^, Ly^, and a curve L contained in the exceptional divisor of (T2. Moreover, 
the curve Ly^ is the only curve that has negative intersection with the divisor —Ky^ because 
Dy^ ~Q —2Ky^ and —Ky^ ■ Cy^ = 0. Hence, it follows from [2j that there is a log-flip x '■ Y2 — ^ 
Y2 along the curve Ly^ with respect to the log pair (125^1 — 2Ky2\) for some rational number 
A > ^. In particular, the divisor —Ky^ is nef. 

The rational map x is 3- log flop with respect to the log pair {Y2, ^My^ ). Thus, the singularities 
of the log pair (Y2, ^^^^2) terminal. Hence, the divisor —Ky^ is not big by Theorem 10. 2. 4[ 
On the other hand, the abundance theorem ([13]) implies that the linear system | — rKy^l is 
base-point-free for r ^ 0. Moreover, the pull-backs of the rational functions -3 and ^ are 
contained in the linear systems |25y2| and iGSyj], respectively. Thus, the linear system | —rKy^\ 
induces an elliptic fibration, which is impossible by Theorem 10. 2. 4[ 

Consequently, we have proved 

Proposition 2.8.4. The linear system \ — 2Kx\ is the only Halphen pencil on X. 



2.9. Cases 2 = 49 and 64. 

We first consider the case 2 = 49. Let X be the hypersurface given by a general quasihomo- 
geneous equation of degree 21 in P(l,3,5,6,7) with -K^ = ^. Then, the singularities of X 
consist of one quotient singular point P of type 5, 1), one quotient singular point Q of type 
1(1,3,2), and three quotient singular points of type ^(1,2, 1). 

We have the following commutative diagram: 

Yp 

X -P(l,3,5) 

where 

• ^/^ is the natural projection, 

• TTp is the Kawamata blow up at the point P with weights (1, 5, 1), 

• T]p is an elliptic fibration. 

We may assume that X is given by a quasihomogeneous equation 




z^t^ z^fxx{x,y,t,w) + zfiQ{x,y,t,w) + /2i(x, y, t, w) = 0, 
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where fi is a quasihomogeneous polynomial of degree i. We then see that there is another elliptic 
fibration as follows: 

Yq 

X ^ ^GcP3 

where 

• ^ is the rational map given by the linear system spanned by {x^,x^y,y'^,t} 

• ttq is the Kawamata blow up at the point Q with weights (1,3, 2). 

• G is the image of ^ : X that is a quadratic cone in P'^, 

• r]Q is an elliptic fibration. 

It follows from Corollary 10.3.71 and Lemmas 10.3.31 10.3.101 that 

[p,q] ^Ce(^X,^M^ /0. 

The exceptional divisor Ep of the birational morphism irp contains one singular point Pi that 
is a quotient singularity of type |(1,4, 1). 

Lemma 2.9.1. // the set C§(Yp, y^Mvp) contains the point Pi, then M = \ — -iKx]- 

Proof. We can assume that 

f2i{x,y,t,w) =t^y + t'^gc){x,y,w) +tgi^{x,y,w) +g2i{x,y,w), 

where gi is a general quasihomogeneous polynomial of degree i. Then, locally at the singular 
point P, the monomials x, z, and w can be considered as weighted local coordinates on the 
threefold X with weights wt(x) = 1, wt(2;) = 5, and wt{w) = 7, which implies that locally at 
the singular point Pi, the birational morphism vr is given by the equations 

15 1 

x = xz6, z = za, w = wza, 

where x, z, and w can be considered as weighted local coordinates in a neighborhood of the 
singular point Pi with weights wt(x) = 1, wt{z) = 4, and wt{w) = 1. 

Let -D be a general surface in the linear system | — 3Kx\- Then, it is given by an equation 

Xx^ + /xy = 0, 

where (A : ^u) G P^. Locally at the point Pi, the proper transform Dyp is given by 

Xx^ + fj,(^eiw^ + e2W^x + e^wx + higher terms^ = 0, 

which implies that | — SKyp \ is the proper transform of | — 3Kx \ and that it has no base curves 
on the surface Ep. The exceptional divisor Ep is defined by z = 0. 

Let a : U ^ Yp be the Kawamata blow up at the point Pi with weights (1,4, 1) and let Fp 
be its exceptional divisor. Around the singular point of Fp, the birational morphism a can be 
given by the equations 

1 _4 1 

X = XZ5, z = Z5, W = WZ5, 

where x, z, and w are weighted local coordinates on the variety U m a neighborhood of the 
singular point of the surface Fp with weights wt(x) = 1, wt(z) = 3, and wt(?I;) = 1. 
The proper transform Djj is given by an equation of the form 

Xx^ + fi(^eiw^ + e2w'^x + e^ivx + higher terms^ = 0, 

which shows that | — SKjj \ is the proper transform of | — 3Kx \ and that | — SKjj \ does not have 
base curves on Fp. Hence, the base locus of | — 3Ki/\ consists of the curve Cu whose image to 
X is defined by the equations x = y = 0. 

Then, the inequality —Ku ■ Cu = — 3i^[; < and the equivalence M-u ~(Q) —nKu imply that 
the pencil Mw coincides with the pencil | — 3Ki[\ by Theorem 10. 2.91 □ 
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The exceptional divisor Eq contains two quotient singular points Qi and Q2 of types ^(1, 1, 1) 
and 1(1,1,2), respectively. 

Lemma 2.9.2. // the set C§(Yq, ^Myq) contains the point Qi, then M = \ — 3Kx\- 

Proof. The same method for the proof of Lemma 12.9.11 implies that A4 = \ — 3Kx \ ■ D 

Lemma 2.9.3. The set C§(Yq, ^-Myq) cannot contain the point Q2- 

Proof. Let P : W ^ Yq he the Kawamata blow up at Q2 with weights (1,1,2). Also, let Fq be 
the exceptional divisor of the birational morphism /?. Let TZ be the linear system given by the 
equations 

Xx^ + fj.x^y + i/t = 0, 

where (A : : z^) G P^. The base locus of the linear system TZ consists of the curve C given by 
the equations x = t = 0, in other words, we have C = R ■ S, where i? is a general surface of the 
linear system TZ. 

Around the point Q, the monomials x, y, and w can be considered as weighted local coordi- 
nates on X with weights wt(x) = 1, wt(y) = 3, and wt(?i;) = 2. Also, around the singular point 
Q2, the birational morphism ttq is given by the equations 

13 2 

x = xy5, y = yS', w = wy5^ 

where x, y, and iu are weighted local coordinates around the singular point Q2 with weights 
wt(x) = 1, wt(y) = 1, and wt(w) = 2. The proper transform Ry is given by an equation of the 
form 

go/o 2223 1 

Xx + ^x +i^((5i^Z' + 62XW + 63X w + 64yx + S^y + higher terms 1 =0, 

where (5j € C, which tells us that the proper transform TZy has no base curve on the exceptional 
divisor Eq. 

Locally at the unique singular point of Fq, the birational morphism /3 can be expressed by 

1 1 _2 

X = XWS, y = yw3, W = W3 , 

where x, y, and w are local coordinates with weight 1. Then, the surface Rw is given by an 
equation of the form 

Xx^w + fix^ + i/^(5i?D + 52X + (53X^?D + d/^yx + S^y^ + higher terms^ = 0, 

which implies that the proper transform TZw does not have base curves on the surface Fq either. 
The surface Rw is normal. We see 

' Rw ~Q (vTQ o /?)*( - 6Kx) - lp*iEQ) - Fq, 
Sw ~Q (VTQ o /?)*( - Kx) - 1(3* {Eq) - ^Fq. 

These equivalences show that C"^ < on the normal surface Rw because Sw ■ Rw = Cw- 
Let M be a general surface of the pencil Mw Then, 



M 


= —nKw 


— nSw 


= nCw 




Rw 


Rw 


Rw 



by Lemma 10.2.61 which implies that = 7^ by Theorem 10.2.91 It is a contradiction because 
the linear system TZ is not a pencil. □ 

Proposition 2.9.4. If'} = 49, then M = \- aiKx\- 

Proof. By the previous lemmas, we may assume that 

CS(X,^A^) = {P,Q}. 

Furthermore, we also assume that the set CS(Yp, y^Mvp) consists of the point O whose image 
to X is the point Q. 
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Let 7 : y ^ Yp be the Kawamata blow up at the point O. Then, the proof of Lemma 12.9.11 
imphes that | — 3Kv \ is the proper transform of the pencil | — 3Kx \ and the base locus of | — SKy \ 
consists of the curve Cy whose image to X is the base curve of the pencil | — 3Kx\- Then, we 
can easily check that A1 = | — SiiTxl- D 

We now consider the case 2 = 64. Let X be the hypersurface given by a general quasihomo- 
geneous equation of degree 26 in P(l,2,5,6, 13) with -K^ = ^. Then, the singularities of X 
consist of one quotient singular point P of type |(1, 5, 1), one quotient singular point Q of type 
^(1, 2, 3), and four quotient singular points of type ^(1, 1, 1). 

We see the following commutative diagram: 



Yp 




where 

• ip is the natural projection, 

• TTp is the Kawamata blow up at the point P with weights (1, 5, 1), 

• r]p is an elliptic fibration. 

One the other hand, we may assume that X is given by a quasihomogeneous equation 

zH + z^fii{x,y,t,w) + z^fi6{x,y,t,w) + zf2i{x,y,t,w) + f26{x,y,t,w) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Therefore, there is another elliptic 
fibration as follows: 



Yq 




where 

• is the map given by the linear system spanned by {x^, x^y, x^y^, y^, 

• ttq is the Kawamata blow up at the point Q with weights (1, 2, 3). 

• G is the image oii: X p3 that is isomorphic to P(l, 1, 3), 

• r]Q is an elliptic fibration. 

Proposition 2.9.5. If1 = 64, then M = \- aiKx\- 

Proof. The proof is the same as that of Proposition 12.9.41 □ 



2.10. Case 1 = 56, hypersurface of degree 24 in P(1, 2, 3, 8, 11). 

The threefold X is a general hypersurface of degree 24 in P(l, 2, 3, 8, 11) with = ^. Its 

singularities consist of three points that are quotient singularities of type ^(1, 1, 1) and the point 
O = (0 : : : : 1) that is a quotient singularity of type Yr(l) 3, 8). 

Before we proceed, let us first describe some birational transformations of the hypersurface X 
with elliptic fibrations, which are useful to explain the geometrical nature of our proof. There 
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is a commutative diagram 




X -ni,2,3) ---^P(l,2,5) 

where 

• and (j) are natural projections, 

• a is the Kawamata blow up at the point O with weights (1, 3, 8), 

• /3 is the Kawamata blow up with weights (1,3,5) at the singular point Q contained in 
the exceptional divisor E of a that is a quotient singularity of type 3, 5), 

• 7 is the Kawamata blow up with weights (1,3,2) at the singular point Qi of contained 
in the exceptional divisor F of P that is a quotient singularity of type ^(1, 3, 2), 

• v is the Kawamata blow up with weights (1,1,2) at the singular point Q2 of contained 
in the exceptional divisor of (3 that is a quotient singularity of type ^(1, 1, 2), 

• ^ is the Kawamata blow up with weights (1,1,2) at the point Q2 whose image to W is 
the point Q2, 

• a; is the Kawamata blow up with weights (1, 3, 2) at the point Qi whose image to W is 
the point Qi, 

• rj and v are elliptic fibrations, 

• the maps C and x ^'^^ compositions of antiflips, 

• the birational morphism a is given by the plurianticanonical linear system of Z', 

• the rational map p is a toric map, 

The exceptional divisor E of the birational morphism a contains two singular points P and Q of 
U that are quotient singularities of types ^(1,1,2) and |(1,3,5), respectively. Meanwhile, the 
exceptional divisor F of the birational morphism (3 also contains two singular points Qi and Q2 
of W that are quotient singularities of types |(1, 3, 2) and |(1, 1, 2), respectively. 

Remark 2.10.1. The divisors —Kz', —Kjj, and —K\y are nef and big. Thus, the anticanonical 
models of the threefolds Z' , U and W are Fano threefolds with canonical singularities. The 
anticanonical model of Z' is a hypersurface Z' of degree 42 in P(l, 2, 5, 14, 21). The anticanonical 
model of [/ is a hypersurface of degree 26 in P(l, 2, 3, 8, 13) and the anticanonical model of W 
is a hypersurface of degree 30 in P(l, 2, 3, 10, 15). 

For the convenience, we denote the pencil | — 2Kx \ by B. In addition, a general surface in B 
is denoted by B and a general surface in A1 by M 

It follows from Corollary 10.3.71 and Lemmas 10.3.31 10.3.101 that we may assume that 
C§{X, ^M) = {O}. 

Lemma 2.10.2. // the set CS{U, ^-Mu) contains the point P, then M = B. 

Proof. Let /?p : Up — > C/ be the Kawamata blow up at the point P and Ep be its exceptional 
divisor. For a general surface D in \ — 8Kx\, we have 

Dup ~Q (a o ppYi-SKx) - ^PUE) - ^Ep. 

Because the base locus of the proper transform of the linear system | — 8Kx \ on Up does not 
contain any curve, the divisor Djjp is nef and big. 

Since Mup r^q nSjjp by Lemma 10.2.61 and Bjjp ~q 2Sup , we obtain 

Dup ■ Bup ■ Sup = 2n[f3*p{-^Ku) - '^Ep) ■ [p*p{-Ku) - ^Ep)^ = 0. 
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It implies = S by Theorem [0231 □ 

Due to Theorem 10.2.41 and Lemma 10.2.71 we may assume that the set C§(C/, -AAjj) consists 
of the singular point Q. Thus, it follows from Theorem 10.2.41 Lemmas 10.2.31 [0.2.71 that 

/ C8(w, l^Mw) ^ {Qu Q2}. 

Now, we consider some local computation. We may assume that X is given by the equation 

w^y + wfi3{x, y, z, t) + f2i{x, y, z, t) = 0, 

where fi{x, y, z, t) is a general quasihomogeneous polynomial of degree i. The surface B is given 
by the equation Ax^ + = 0, where (A : /u) G P^. The base locus of B consists of the irreducible 
curve C that is given by x = y = 0. We have B ■ S = C. 

In a neighborhood of O, the monomials x, z, and t can be considered as weighted local 
coordinates on X such that wt(x) = 1, wt(2;) = 3, and wt(z) = 8. Then, in a neighborhood of 
the singular point O, the surface B can be given by equation 

\x^ + ^(^ix^^ + e2zx^^ + e3z'^x'^ + e4^z^x'^ + e^z^x + eQtx^ + ejtzx'^ + est^ + e'jZ^ + oi]iei terms^ = 0, 

where G C. In a neighborhood of the singular point Q, the birational morphism a can be 
given by the equations 

_-J_ _-JL -A. 

X = Xt 11 , 2: = 11 , t = 1 11 , 

where x, z, and i are weighted local coordinates on [/ in a neighborhood of the singular point Q 
such that wt(x) = 1, wt(z) = 3, and wt(t) = 8. Thus, in a neighborhood of the singular point 
Q, the divisor E is given by the equation t = 0, the divisor Su is given by x = 0, and the divisor 
Bu is given by the equation 

Ax + /X ( eix t + ■ ■ ■ + e^z xt + e^tx + e-jtzx + egi + egz t + other terms j = 0, 

which implies that Bjj ~q 2Su and the base locus of Bu is the union of Cu and the curve 
L C E that is given by x = t = 0. We have E = P(l, 3, 8) and the curve L is the unique curve 
in lOp^x.SjS)!!)! on the surface E. The surface Bjj is not normal. Indeed, Bfj is singular at a 
generic point of L. We have Su ■ Bu = Cu + 2L and E ■ Bu = 2L, which implies that Su ■ Cu = 
and Su ■ L = 

Lemma 2.10.3. // the set CS{W, ^Mw) consists of the point Q2, then M = B. 

Proof. In a neighborhood of Q2, the birational morphism (3 can be given by the equations 

1 _ 1 - ~ §. 
x = x58, z = z» , t = tz», 

where x, z, and i are weighted local coordinates on in a neighborhood of Q2 such that 
wt(x) = 1, wt(z) = 1, and wt(t) = 2. Thus, in a neighborhood of the singular point Q2, the 
divisor F is given by the equation z = 0, the divisor Sw is given by x = 0, the divisor Ew is 
given by t = 0, and the divisor Bw is given by the equation 

Ax + /i( eytzx + est z + egz t + other terms 1 = 0, 

which implies that By/ '^q '^Sw-, tbe base locus of By/ is the union of Cy/-, L]y, and the curve 
L' C F that is given by x = z = 0. 

The surface F is isomorphic to P(l,3, 5) and the curve L' is the unique curve of the linear 
system jO-pj^i ^ 5)(1)| on the surface F. The surface Byy is smooth at a generic point of L' . We 
have 

Syr ■ Byr = Cyr + 2Liy + L' , Eyr ' Bw = 2Lyr, F ■ Byr = 2L', 

which implies that 

Syi ■ Cy/ = 0, Sy/ ■ Ly/ = 0, Sy/ ' L' = — 
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because 

' Sw ~Q (« o (3n-Kx) - ^(3*{E) - ^F, 
< Bw ~Q (a o (3n-2Kx) - ^P*{E) - ^F, 
Ew-^Q P*{E)-\k 

^ o 

Let R be the exceptional divisor of u. Let O2 be the singular point of Z that is contained in 
R. Then, R = P(l, 1, 2) and O2 is a quotient singularity of type ^(1, 1, 1) on the threefold Z. In 
a neighborhood of O2, the birational morphism v can be given by the equations 

X=Xt3, Z = Zt3, t=t3, 

where x, z and t are weighted local coordinates on Z in a neighborhood of O2 with weight 1. 
Thus, in a neighborhood of the singular point O2, the divisor R is given by the equation t = 0, 
the divisor Sz is given by x = 0, the divisor Ez does not pass through the point 02, the divisor 
Fz is given by ^ = 0, and the divisor Bz is given by the equation 

Xx^ + fJ.(^esiz + egz^P + other terms^ = 0, 

which implies that Bz ~(Q 2Sz, the base locus of Bz consists of Cz, Lz, L'^, and the curve L" 
that is given by the equations x = t = 0. The curve L" is the unique curve in |Op(i,i,2)(l)l on 
the surface R. The surface Bz is smooth at a generic point of L" . Therefore, we obtain 

Sz • Bz = Cz + 2Lz + L'z + L" , Ez ■ Bz = 2Lz, Fz ■ Bz = 2L'z, R ■ Bz = 2L" , 
which gives 

Sz ■ Cz = 0, Sz ■ Lz = —-, Sz ■ L'z = Sz ' ^" ~ 2 

because 

' 5z ~Q (a o /? o ufi-Kx) - o ^T^E) - ^u*{F) - ^R, 
Bz r^Qiaopo vy{-2Kx) " ^(Z? ° ^)\E) - ^i/*(F) - '^R, 
Ez^Q iPo ur{E)-^u*{F)-^R, 
Fz ~Q u*{F) - Ir. 

In particular, the curves Lz and L'^ are the only curves on the variety Z that have negative 
intersection with the divisor —Kz- 

Due to Lemma I0.2.7| either the set CS{Z, ^M.z) contains the point O2 or the log pair 
{Z, ^Mz) is terminal. 

We first suppose that the log pair {Z, ■^M.z) is not terminal. Then, the set C§(Z, ^Mz) 
must contain the point 02- Let 7r2 Z2 ^ Z he the Kawamata blow up at the point O2 and H 
be the exceptional divisor of 712. Then, our local calculations imply that Bz2 ~q 2Sz2 ^^^'^ the 
base locus of Bz2 consists of the curves Cz2 , Lz2 , L'^^ , and L'^^ . Furthermore, we have 

Sz2 ■ Bt = Cz2 + 2L^2 + L'z^ + L'z^ , Ez2 ■ Bz2 = 2Lz2 , 
Fz2 ■ Bz2 = 2L'z^ , Rz^ ■ Bz2 

which implies that 

Sz2 ■ Cz2 = 0, Sz2 ■ Lz2 = ~ o' ^^2 ■ L'z2 



-T, Sz2 ■ L\ 



Z2 
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because 

~Q (a o /? o o 7r2yi-Kx) - ^{(3 o u o ^2)*(^) - ^{i^ o 7r2)*(F) - ^n^R - ^H, 
Ez, ^q{(3ovo vr2)*(^) -liuo 712)* (F) - ^tt^R, 

< 

Fz2~Q (i^o^2)*(i^)-^vr2*i?-^i/, 

The curves Lz2 and are the only curves on the variety Z2 that have negative intersection 
with the divisor —Kz2- Moreover, we see 

(^Bz2 + {(3ouo Tr2n-l6Ku) + (i^ o 7r2)*(-18Ki^)) • Lz^ = 0, 

+ {(3oiyo TT2y{-lQKu) + (i^ o TT2y{-l8Kw)) ■ L'z2 = 0, 

and hence the divisor Dz2 ■= Bz2 + {P o v o TT2y {—IGKu) + (z^ o 7r2)*(— ISi^vv') is nef and big 
because —Kfj and —K]y are nef and big. Therefore, we obtain 

Dz2 ■ Bz2 ■ Mz2 = 0, 

and hence = ;B by Theorem 10. 2.91 

For now, we suppose that the log pair {Z, ^A4z) is terminal. We wih derive a contradiction 
from this assumption, so that the set CS{Z, ^Aiz) must contain the point 02- 

The log pair {Z, eBz) is terminal for some rational number e > ^ but the divisor Kz + eBz 
has nonnegative intersection with all curves on the variety Z except the curves Lz and L'^. It 
follows from |21j that there is a composition of antiflips ^ : Z ---^ Z' and the divisor —Kz' is 
nef. Then, the singularities of the log pair {Z' , ^A4z') are terminal because the singularities of 
the log pair {Z, ^A4z) are terminal and the rational map C is a log flop with respect to the log 
pair iZ,^Mz). 

We obtain 



from 
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Thus, the pull-backs of the rational functions |f and ^ are contained in the linear systems 
1 25^ I, 1 55^1 and |145^|, respectively. In particular, the complete linear system | — 70X^1 induces 
a dominant rational map Z --■> P(l,2,5,14). Thus, the anticanonical divisor —Kz' is nef and 
big. It contradicts Theorem 10.2.41 because the log pair {Z', ^A4z') is terminal. □ 
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Due to the lemma above, we may assume that the set CS(W, ^A4w) contains the point Qi. 
In particular, the set CS(y, ^A4y) is not empty and each member of the linear system My is 
contracted to a curve by the morphism 77. 

Let G be the exceptional divisor of 7. Then, G contains two singular points Q'l and Q2 of Y 
that are quotient singularities of types ^(1, 1, 1) and ^(1, 1,2), respectively. Then, 

cs(y,^My)c{q[, Q'2, Q2}, 

where Q2 is the point on Y whose image to by 7 is the point Q2- 

In a neighborhood of Qi, the birational morphism /? can be given by the equations 

1 _ ~3 - ~5 

x = xzs, z = zts, t = t», 

where x, z, and i are weighted local coordinates on in a neighborhood of Qi such that 

wt{x) = 1, wt{z) = 3, and wt(t) = 2. Thus, in a neighborhood of the singular point Qi, the 
divisor F is given by the equation i = 0, the divisor Sw is given by x = 0, the divisor Ew does 
not pass though the point Qi, and the divisor Bw is given by the equation 

Xx^ + /x^egi + egz^i'^ + other termsj = 0. 

Therefore, Bw ~Q 2Sw and the base locus of Bw is the union of Cw, Lw and the curve L' 
that is given by the equations x = i = 0. We have 

Sw ■ Bw = Cw + 2Lw + L' , Ew ■ Bw = "^Lw, E ■ Bw = 2L', 

which gives us 

Sw ■ Cw = Sw ■ Lu = 0, Sw ■ L' = —. 

15 

In a neighborhood of Q2, the birational morphism 7 can be given by the equations 

X = Xt5 , Z = Z5 , t = tZ5 , 

where x, z, and i are weighted local coordinates on Y in the neighborhood of Q'2 such that 
wt(x) = 1, wt{z) = 1, and wt(i) = 2. Thus, in a neighborhood of the singular point Q'2, the 
divisor G is given by the equation z = 0, the divisor Sy is given by x = 0, the divisor Ey is 
given by the equation i = 0, and the divisor By is given by the equation 

Xx^ + /x^egt + egz^P + other terms^ = 0. 

Thus, By ~Q 2Sy and that the base locus of By is the union of the irreducible curves Cy, Ly, 
and L'y- We have 

' ~Q (a o /? o ^n-Kx) iTiE) - i7*(F) - ^G, 

< Ey^Q{PojnE)-^j*iE), 
Ey ~Q 7*(F) - 

and 

Sy • Cy = Sy ■ Ly = Sy ■ L'y = 0, 
which simply means that Cy, Ly and L'y are components of a fiber of 77. 

Lemma 2.10.4. // the set CS{Y, j^My) contains Q'2, then M = B. 
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Proof. Let a2 ■ Y2 ^ Y he the Kawamata blow up at the point Q2 and let H2 be the exceptional 
divisor of a2- Then, our local calculations imply that ^Syj and the base locus of is 

the union of curves , 1 ^^'^ ^'y^ . Thus, we have 

Sy2 ■ = Cy2 + 2Ly2 + Ly^ , Ey2 ■ By2 = '^Ly2 , Fy2 ■ By2 = '^L'y,^ , 
which implies that 

Sy2 ■ Cy2 = 0, '5^2 ■ Ey2 = 0, Sy2 ■ L'y^ = -- 

because 

' ~Q (a o /? o 7 o a2n-Kx) - o 7 o a2nE) - ^(7 o a2)*(F) - ^a;{G) - ^^2, 
Ey2 ~q (/? o 7 o a2nE) - |(7 o a2)*(F), 

Fy2 ~Q (7 o ^2r{F) - ^(72* (G) - ^H2, 
Gy2 ~Q (G) - -i?2, 

The curve Ly^ is the only curve on Y2 that has negative intersection with —Ky2- Moreover, we 
have {Sy2 + (7 ° (^2)* {—^Kw)) • L'y^ = 0, which implies that the divisor Sy2 + {l ° (^2)* {—^Ky/) 
is nef and big because —K\y is nef and big. Therefore, 

{Sy2 + (7 ° cj2r{-hKw)) ■ By2 • My, = 

by Lemma 10.2.61 and hence M. = B hy Theorem 10.2.91 □ 

Lemma 2.10.5. The set CS(y, ^A^y) cannot contain the point Q'^. 

Proof. Suppose that the set CS(y, ^Aly) contains the point Q'l- Let fii : Yi — > y be the 
Kawamata blow up at the point Q'l. 

Let P be a general pencil in the linear system | —3Kx\- Then, the base curve of T> is the curve 
C given by x = z = 0. Moreover, the base locus of Py^ consists of the curve Cy^. Thus, we see 
that Cyi = Syi • Dyi for a general surface Dy^ in Py^ . On the other hand, we have Dy^ ■ Cy^ < 0, 
which implies that n = 3 and TWy^ = Py^ by Theorem 10.2.91 However, Dy^ —SKy^. □ 

Consequently, we may assume that the set C§(y, ^My) consists of the point Q2 whose image 
to W is the point Q2. It implies that CS(Ty, ^Mw) = {Qi,Q2}- We have My ~q —uKy by 
Lemma 10.2.61 

Let H be the exceptional divisor of Then, it follows from the local computations made 
during the proof of Lemma [2.10.31 that By ~(Q 2Sv- The base locus of By is the union of the 
irreducible curves Cy, Ly, L'y, and the curve L" such that L" = Sy ■ H. We have 

5y • Cy = 0, Sy ■ Ly = — -, Sy ■ L'y = — -, Sy ■ L" = -. 

Let O be the singular point of V that is contained in H. Then, uj{0) is the singular point 
of Z contained in the exceptional divisor of v. It follows from Lemma 10.2.71 that either the set 
C§(y, ^My) contains the point O or the log pair {V, ^My) is terminal. 

Suppose that the set C§(y, ^My) contains the point O. Then, the set CS(Z, ^M.z) contains 
the point ijj{0). The proof of Lemma |2. 10.31 shows that M. = B \i the set C§(Z, ^Aiz) contains 
the point lj{0) = O2. 

From now, we suppose that the singularities of the log pair {V, ^A4y) are terminal. The 
singularities of the log pair (V^eBy) are log-terminal for some rational number e > ^ but the 
divisor Ky + eBy has nonnegative intersection with all curves on the variety V except the curves 
Ly and L'y. Then, there is a composition of antiflips x ^ ^ and the divisor —Kyi is nef. 
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Hence, the linear system | — rKyi \ is base-point-free for r ^ by the log abundance theorem 

m)- 

It follows from the proof of Lemma [2. 10. 31 that the pull-backs of the rational functions and 
^ are contained in the linear systems |25y| and |55y|, respectively. In particular, the complete 
linear system | — lOXyl induces a dominant rational map V P(l,2,5), which implies that 
the linear system | —rKyi \ induces a dominant morphism to a surface. In fact, the linear system 
I — rKyi\ induces the morphism v. The singularities of the log pair {V' , ^Myi) are terminal 
because the singularities of the log pair {V, j^M.y) are terminal and the rational map x is a log 
flop with respect to the log pair (V, \M.y). However, the singularities of the log pair {V' , ^-Mv") 
cannot be terminal by Theorem 10.2.41 We have obtained a contradiction. 

Summing up, we have proved 

Proposition 2.10.6. The linear system \ — 2Kx\ is a unique Halphen pencil on X. 



2.11. Cases J = 63, 77, 83, and 85. 



Suppose that 1 E {63,83}. Then, the threefold X C P(l, ai, 02, as, 04) always contains the 
point O = (0 : : : 1 : 0). It is a singular point of X that is a quotient singularity of type 
^(1,02,03 - 02). 



We also have a commutative diagram as follows: 



U- 



X 



— \7 
V 

vl, 01,02), 



where 



a is the Kawamata blow up at the point O with weights (1, 02, 03 — 02), 
(3 is the Kawamata blow up with weights (1,02,03 — 202) at the point P of U that is a 
quotient singularity of type ^^^^(1,02,03 - 202), 



• 77 is an elliptic fibration. 
We may assume that 



C§{X,-M 
n 



due to Theorem [0231 Lemmas Umi 10.3.101 lOXTTl and Corollary [0321 

The exceptional divisor E of the birational morphism a contains two singular points P and 
Q that are quotient singularity of types — ^— (1, 02, 03 — 202) and -^-fl, 1, 03 — 202), respectively. 
The base locus of | — aiKx\ consists of the irreducible curve C defined hy x = y = 0. The base 
locus of I — aiKi/\ consists of the proper transform Cu and the unique irreducible curve L in 



I a 



1,02,03-02) 



(1)1 on the surface E. 



Lemma 2.11.1. // the set CS{U, ^-Mu) contains the point Q, then M- = \ — aiKx\- 

Proof. Let n : Y ^ U he the Kawamata blow up at the point Q with weights (1, 1,03 — 202) 
and Gq be its exceptional divisor. Then, the base locus of the pencil | — aiKyl consists of the 
irreducible curves Cy and Ly. Then, our situation is exactly same as Lemma ll. 12.11 Using the 
same proof, we get Ai = \ — aiKx\- □ 

The exceptional divisor F of the birational morphism P contains two singular points Pi and P2 



that are quotient singularities of types ^(1,1,02 — 1) and 
Lemma 2.11.2. The set C§{W^Mw 



1 



03—202 

cannot contain the point P2. 



1, 1, 03 — 2a2 — 1), respectively. 
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Proof. Let a2 '■ V2 ^ W he the Kawamata blow up at the point i-*2- The proper transform 
P of the hnear system | — a2Kx\ consists of two irreducible curves and Lv2- Applying 
the same method as in Lemma 12.11.11 to the linear system D, we obtain an absurd identity 
M = \-a2Kx\. □ 

Proposition 2.11.3. The linear system \ — aiKx\ is the only Halphen pencil on X . 

Proof. Lemma 10221 implies that either <C^U,\Mu) = {P} or Q G CE>{U,^Mu)- The latter 
case implies M. = \ — aiKx\ by Lemma [2.11.11 Suppose that the set C§(C/, ^Mu) consists of 
the point P. Then, the set C§(V7, ^M.^) must contain the point Pi by Lemma [2.11.21 Let 
ai : Vi ^ W he the Kawamata blow up at the point Pi. Then, the base locus of the pencil 
I — oiiTvi I consists of the irreducible curves Cvi and Lv^- Applying the same method as in 
Lemma |2. 11. H we obtain M. = \ — aiKx\- D 



We suppose that 3 = 77 or 85. The hypersurface X C P(l, oi, 02, as, 04) always contains the 
int O = (0 : : : 1 : 0) as a quot 
There is a commutative diagram 



point O = (0 : : : 1 : 0) as a quotient singularity of type ^(1, oi, ^3 — ai 



W 



X ,- -P(l, 01,02) 



where 



• 'i/' is the natural projection, 

• a is the Kawamata blow up at the point O with weights (1, oi, 03 — oi), 

• (3 is the Kawamata blow up with weights (1,01,03 — 2ai) at the singular point of the 
variety U that is a quotient singularity of type ^^1^^ (1, oi, 03 — 2ai), 

• is an elliptic fibration. 

As in the previous case, we may assume that 



s{x.}m) = {o}. 



The exceptional divisor E of the birational morphism a contains two singular points P and Q 
that are quotient singularities of types (1, 01,03 — 2ai) and ^(1, l,oi — 1), respectively. 
Unlike the previous case, we have the opposite statement for the point Q as follows: 

Lemma 2.11.4. The set CS(C/, ^Mu) cannot contain the point Q. 

Proof. Suppose the set CS(f/, -M.u) contains the point Q. Let vr : y — > C/ be the Kawamata blow 
up at the point Q. The base locus of the proper transform T> of the linear system | — a^Kx \ does 
not contain any curve. Therefore, a general surface D in the linear system T) is nef. However, 
we can easily check that D ■ Mi ■ M2 < for general surfaces Mi and M2 in TWy. It is a 
contradiction. □ 

Proposition 2.11.5. If 2 (z {77,85}, then the linear system \ — oii^xl is a unique Halphen 
pencil on X. 

Proof. The proof is the same as the cases H = 63 and 83. The only difference is Lemma |2. 11. 1[ 
We replace it by Lemma l2.11.4[ □ 

2.12. Case 1 = 65, hypersurface of degree 27 in P(1, 2, 5, 9, 11). 

The threefold X is a general hypersurface of degree 27 in P(l,2,5,9, 11) with -K\ = jfg. 
The singularities of X consist of one singular point O that is a quotient singularity of type 
^(1,2,9), one point of type ^(1,4, 1), and four points of type ^(1,1,1). 
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There is a commutative diagram 



13 7 

Y 



X -P(l,2,5), 

n> 

where 

• ip is the natural projection, 

• a is the Kawamata blow up at the point O with weights (1, 2, 9), 

• /? is the Kawamata blow up with weights (1, 2, 7) at the singular point of the variety U 
that is a quotient singularity of type 2, 7) contained in the exceptional divisor of the 
birational morphism a, 

• 7 is the Kawamata blow up with weights (1, 2, 5) at the singular point of the variety W 
that is a quotient singularity of type y(l, 2, 5) contained in the exceptional divisor of the 
birational morphism /?, 

• ry is an elliptic fibration. 

If the set C§>{X,^M.) contains the singular point of type ^(1,4, 1), then = | — 2Kx\ 
by Lemma 10. 3. Hi Therefore, we may assume that CS{X, ^M) = {0} by Lemma 10X31 and 
Corollary [OMl 

The hypersurface X can be given by the equation 

w'^z + wfieix, y, z, t) + f27{x, y, z, t) = 0, 

where fi{x, y, z, t) is a quasihomogeneous polynomial of degree i. Let V be the pencil of surfaces 
cut on the hypersurface X by 

Xx^ + = 0, 

where (A : /x) € P^. Even though the linear system V is not a Halphen pencil, it is helpful for 
our proof. Note that the base locus of the pencil V consists of the irreducible curve C. 

The exceptional divisor E = P(l,2,9) contains two singular points P and Q oi U that are 
quotient singularities of types |(1,1,1) and i(l,2,7), respectively. Let L be the unique curve 
contained in the linear system |C'p(i,2,9)(l)l on the surface E. 

The set CS(C/, -Mu) is not empty by Theorem l0.2.4i Hence, either the set C§(C/, -V) contains 
the point P or it consists of the point Q by Lemma l0.2.7i 

Lemma 2.12.1. The set CS(C/, ^Mu) does not contain the point P. 

Proof. Suppose that P S C§(C/, ^M.u)- Let vrp : Up — > C/ be the Kawamata blow up at the 
point P with weights (1, 1, 1) and Gp be its exceptional divisor. Then, Mjjp ~Q —nKup holds 
by Lemma 10.2.61 

The base locus of the pencil Vup consists of the irreducible curves Cc/p, Ljjp, and a line L on 
Gp = P^. For a general surface Dup of the pencil Vup-, 

Sup ■ Dup = Cup + Lup, Eup ■ Dup = 5Lup, Gp ■ Dup = L. 
The surface Dfjp is normal. On the other hand, we have 

Eup ~Q '^*p{E) - -jGp, 

Dup (a o 7rp)*(-5Kx) - ^^p(^) - \Gp, 
Sup ~Q (a o TTp)*{-Kx) - ^TT*p{E) - ^Gp, 



which implies 



73 - 4 _ _ 497 

Lup ■ Lup = - — , Cup ■ Lup = — , Cup ■ Cup = - — 
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on the surface . Therefore, the intersection form of the curves Cjjp and on the surface 
Djjp is negative-definite. On the other hand, we have 



Dr. 



= -nK,, 



= nS, 



Dr. 



Up 



Dr. 



= nCjjp + nL 



Up, 



which imphes ^Aup = Vjjp by Theorem 10.2.91 Hence, n = 5, but Djjp 
contradiction. 



-5Kijp, which is a 
□ 



Hence, the set C§(C/, ^Alc/) consists of the point Q. The exceptional divisor F = P(l,2,7) 
of (3 contains two singular points Qi and Q2 of W that are quotient singularities of types 
^(1, 1, 1) and ^(1, 2, 5), respectively. Let L be the unique curve contained in the linear system 
2, 7)(1)| on the surface F. 

It follows from Theorem 10.2.41 that the set CS(W, ^-Mw) is not empty because the divisor 
—Kw is nef and big. 

Lemma 2.12.2. The set CS(W, ^A4w) does not contain the point Qi. 

Proof. Suppose that Qi G CS(Ty, ^Mw)- Let vri : Wi W he the Kawamata blow up at the 
point Qi with weights (1, 1, 1) and Gi be its exceptional divisor. 

The base locus of the pencil Vwi consists of the irreducible curves Cwi, Ly/i, Lwj, Ai, A2, 
and A, where the curves Ai and A2 are the lines on Gi = F'^ cut out by the divisors E'pv'i and 
-FvKi) respectively, and the curve A is a line on Gi different from the lines Ai and A2. 

For a general surface D\y^ in the pencil Vwi , we have 

Swi ■ = Cwi + + , ■ Dw^ = 5Lwi + Ai, Fwi ■ = 5Lwi + A2. 

The surface D\Yi is normal and it is smooth in a neighborhood of Gi. In particular, it follows 
from the local computations and the Adjunction formula that the equalities 

Ai • A2 = Ai • Lwi = A2 • Lwi = 1, Ai ■ Cwi = A2 • Cwi = 0, Af 

hold on the surface Dyy-^ . However, we have 



A2 
^2 



Q{Po7r,nE)-^-7rl{F)-^Gi, 



Dw, ^Q{ao(3o TTiYi-bRx) - o ^i)*(^) " " ^^i. 



Swi ~Q (a o /3 o 7ri)*(-i^x) 
We can then obtain 



1 

IT 



1 



1 



(Pon,r{E)--7rl{F)--G,. 



Cwi ■ Cwi = ■ Lwi 



1 



-, Lwi ■ 







on the surface Dw-^ . Therefore, the intersection form of the curves Cwi , L\y-^ , and L^y^ on the 
surface D^r^ is negative-definite. On the other hand, we have 



M 



Wi 



D 



-uKwi 



Wi 



D 



nSwi 



Wi 



Dwi 



= nCwi + nLwi + nLw^^, 



which implies Aiwi = "Pwi by Theorem lO.2.91 Hence, we have n 
is a contradiction. 



5, but Z^vKi ^ ~^E^Wi, which 

□ 



Thus, the set CS{W, ^A4w) consists of the point Q2 by Lemma [0.2.71 

The exceptional divisor of the birational morphism 7 contains two singular points Oi and 
O2 of Y that are quotient singularities of types and |(1,2,3), respectively. Then, 

the set C§(y, -My ) niust contain either the point Oi or the point O2 by Theorem 10.2.41 and 
Lemma 10.2.71 
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Lemma 2.12.3. The set C§>{Y, ^M-y) does not contain the point Oi. 

Proof. Suppose that Oi € CS(y, Let ai : Vi ^ Y he the Kawamata blow up at the 

point Oi with weights (1, 1, 1) and Hi be the exceptional divisor of the birational morphism cti. 
A general surface Dy-^ in Vvi is normal and 



Ml 



D 



uKy^ = nSvi 



D 



D 



The intersection Dvi CiHi is a line on Gi = that is different from the line Svi PlGi. However, 
the curve Dy^ n //i is a fiber of the elliptic fibration t] o (Jij/j^ over the point r] o ai{Svi n Hi). 



The support of the cycle Svi ■ Dy^ contains all components of the fiber of the elliptic fibration 
fl^^Aov^ ov^r the point rjoai{Sy^ H-ffi) that are different from the curve Dy^ (iHi. Hence, the 
intersection form of the components of the cycle Sy^ ■ Dy^ are negative-definite on the surface 
L'vu which implies that My^ = Vy^ by Theorem 10.2.91 Hence, we have n = 5, but it follows 
from explicit calculations that 

Dy^ ~Q al{-bKY) - ^Hi -5Ky^, 

which is a contradiction. □ 

Proposition 2.12.4. The linear system \ — 2Kx\ is a unique Halphen pencil on X. 

Proof. By what we have proved so far, we may assume that the set CS(y, ^Ady) contains the 
point 02- Let a2 ■ V2 ^ Y he the Kawamata blow up at the point Oi with weights (1,2,3). 
Then, | — 2X^2! is the proper transform of the pencil | — 2Kx\- Its base locus consists of the 
irreducible curve Cy^. Because My^ ~(Q —nKy^ and —Ky^ ■ Cy^ < 0, Theorem 10.2.91 implies 
that 7V4 = 1 - 2i^x|- □ 

2.13. Cases :I = 72, 89, 90, 92, and 94. 

Suppose that 2 G {72,89,90,92,94}. Then, the threefold X C P(l, ai, a2, 03, 04) always 
contains a quotient singularity O of type ^^^^^ (1, Qi, Q2)- 
We also have a commutative diagram as follows: 




where 

• V' is a natural projection, 

• TT is the Kawamata blow up at the point O with weights (1,01,02), 

• T/ is an elliptic fibration. 

We may assume that the set CS(X, ;^A4) consists of the singular point O due to Lemmas lO.3.31 
10.3.101 10.3.111 and Corollary lOXTl 

The exceptional divisor E of the birational morphism vr contains two singular points P and 
Q of types ^(l,a, ai — a) and ^(1,01,02 — ai), respectively, where a = \2ai — 02]. Then, the 

set C§(C/, ^A4u) contains either the singular point P or the singular point Q by Lemma 10.2.71 
Lemma 2.13.1. The set CS{U, ^A4u) does not contain the point P. 

Proof. Suppose that the set C§:{U,^A4u) contains the point P. Let a : Up —)■ U he the 
Kawamata blow up at the point P with weights {l,a,ai — a) and G he the exceptional divisor 
of the birational morphism a. Then, 

Mup ~Q (vr o a) * ( - nKx ) — — a* {E) G ~q -nKup 
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by Lemma l0.2.6[ 

Let V be the proper transform of the hnear system | — a2Kx\ by the birational morphism 
IT o a. Then, Sjjp ~q —Kup and 

D ~Q i-K oaYi - a2Kx\ — — a* (E) — —G, 

^ ' \ J ai + a2 a\ 

but the base locus of the hnear system T) consists of the irreducible curve Cup whose image to 
X is the base curve of the linear system | — a2Kx\- Let D be a general surface in T) and M be 
a general surface in Mup. The surface D is normal. We have (7^^ < on the normal surface D 
and M\d = nCup, which implies that A4up = V hy Theorem I0.2.9[ However, the linear system 
D is not a pencil. □ 

Proposition 2.13.2. 7/^ = 72,89,90,92,94, then M = \ - aiKx\- 

Proof. By Lemma 12.13. H we may assume that the set C§>{U, ^Mu) contains the point Q. 

Let P : W ^ U he the Kawamata blow up of the point Q with weights (1, ai, 02 — oi). The 
linear system | — aii^vi^l is the proper transform of the pencil | — aiKx\ and the base locus of 
the pencil | — aiKw\ consists of the irreducible curve Cw whose image to X is the base curve 
of I — aiKx\- Then, the inequality —K\y ■ Cw < and the equivalence Aiw ~Q —riKw imply 
that the pencil Aiw coincides with the pencil | — aii^vi/l by Theorem 10.2.91 □ 

2.14. Cases :I = 75 and 87. 

In the case of H = 75, the threefold X is a general hypersurface of degree 30 in P(l, 4, 5, 6, 15) 
with —K'^ = Its singularities consist of one quotient singular point of type |(1, 1,3), one 
quotient singular point of type |(1, 1, 2), two quotient singular points of type ^(1, 1, 1), and two 
quotient singular points of type ^(1,4, 1). 

In the case of H = 87, the threefold X is a general hypersurface of degree 40 in P(l, 5, 7, 8, 20) 
with —Kj^ = jijj. It has one quotient singular point of type |(1,1,3), two quotient singular 
points of type |(1, 2, 3), and one quotient singular point of type ^(1, 1, 6). 

In both cases, the threefold X cannot be birationally transformed to an elliptic fibration (^). 
However, it can be rationally fibred by K3 surfaces. 

Proposition 2.14.1. //H G {75,87}, then \ — aiKx\ is a unique Halphen pencil on X. 

Proof. Theorem 10. 2. 4^ Lemmas 10.3.31 10-3.101 10.3. IH and Corollary 10.3.71 immediately imply the 
result. □ 
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Part 3. Fano threefold hypersurfaces with two Halphen pencils. 

3.1. Case 2 = 45, hypersurface of degree 20 in P(1,3, 4, 5,8). 

Let X be the hypersurface given by a general quasihomogeneous equation of degree 18 in 
P(l,3,4,5,8) with -Kf. = Then, the singularities of X consist of one singular point P that 
is a quotient singularity of type |(1,3,5), one singular point of type |(1, 1,2), and two points 
of type i(l,3,l). 

There is a commutative diagram 



X 



W 



(1,3,4), 



where 

• ip is the natural projection, 

• a is a blow up at the singular point P with weights (1, 3, 5), 

• P is the blow up with weights (1,3,2) of the singular point of the variety U that is a 
quotient singularity of type |(1,3,2), 

• is an elliptic fibration. 

Also, by the generality of the hypersurface, we may assume that the hypersurface X is defined 
by the equation 

w'^z + wfuix, y, z, t) + f2o{x, y, z, t) = 0, 



where fi{x, y, z, t) is a quasihomogeneous polynomial of degree i. Proposition 10.3. 12] implies that 
the linear system | — 3Kx \ is a Halphen pencil. Let V be the pencil on X given by the equations 

Ax^ + fxz = 0, 

where (A, ^u) G P^. We see that the linear system V is another Halphen pencil on X. 

K3-Proposition 3.1.1. A general member of the pencil V is birational to a smooth K3 surface. 

Proof. It is a compactification of a double cover of ramified along a sextic curve. It cannot 
be a rational surface by Theorem 10. 1.3[ Therefore, it is birational to a smooth K3 surface. □ 

If the set C§(X, contains one of the singular points of type |(1, 3, 1), then M = \ — 3Kx| 
by Lemma 10.3. Ill Therefore, we may assume that 



CS[X,-M 
n 



{-} 



by Lemma 10.3.31 and Corollary 10.3.71 

The exceptional divisor E = P(l,3,5) of the birational morphism a contains two singular 
points Pi and P2 of types ^(1,1,2) and |(1,3, 2), respectively. For the convenience, let L be 
the unique curve contained in the linear system |Op(i 3 5)(1)| on the surface E. 

Lemma 3.1.2. The set C§>{U, ^-Mu) cannot contain the point Pi. 

Proof. Suppose so. Then, we consider the Kawamata blow up ai : V ^ U at the point Pi with 
weights (1, 1,2). Let Dy be the proper transform, by the birational morphism a o ai, of the 
linear system V on X defined by the equations Xqx^ + Xix'^y + X2t = 0, where (Aq : Ai : A2) € P^. 
Then, its base locus consists of the irreducible curve Cy whose image to X is the base curve of 
the linear system T>. We easily see that Sy ■ Dy = Cy and 



Dy ' 

Sy 



I a o ai 



( a o ai 



f>Kx 
-Kx 



\a\{E)-\F,, 
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where Dy is a general surface in Vy and -Fi is the exceptional divisor of ai . Since the curve Cy 
has negative self-intersection on the normal surface Dy, Theorem 10.2.91 implies A4 = V. But 
this is absurd because P is not a pencil. □ 

Therefore, we may assume that C§(C/, ^A4w) = {^2}- The exceptional divisor F of the 
birational morphism /? contains two singular points Qi and Q2 that are quotient singularities of 
types 1(1,1,2) and ^(1,1,1), respectively. 

Lemma 3.1.3. // the set C§>{W, ^-Mw) contains the point Qi, then M. =V. 

Proof. Suppose that the set C§(VK, ^M.w) contains the point Qi. Let fix : Wi W he, the 
Kawamata blow up at the point Qi with weights (1, 1, 2). The base locus of Vwi consists of the 
irreducible curve Cw-i and the irreducible curve Lw^ ■ A general surface D\y^ in Vwi is normal 
and the intersection form of the curves Cwi and Lw^ is negative-definite on the surface Dwi ■ 
Because M.Wi\dw^ = 'nCwx + "--^Wd we obtain Ad = 1^ from Theorem 10.2.91 □ 

Lemma 3.1.4. The set CS(VF, ^Mw) cannot contain the point Q2- 

Proof. Suppose that the set CS(VF, ^M-w) contains the point Q2. Let P2 '■ W2 W he the 
Kawamata blow up at the point Q2. We then consider the proper transform of the pencil 
I — 3/Cx| by the birational morphism a o (3 o (32. For a general surface in Cw2: have 

Dw2 ~Q (a o /3 o /32) * ( - 3Kx) - ^ (/? o /^s) * {E) - ^(3*2 (F) -^G, 

where G is the exceptional divisor of /?2- Also, we have 

Sw2-Q{»o(3of32y[-Kx)-l{f3o(32Y (E) - ^[3*^ (F) -^G. 

Since M-W2\dw2 = ''^^W2j the surface Dw2 is normal, and the self-intersection number Cyy^ 
on the normal surface Dw^ is — ^, we obtain the identity A4w2 = ^W2 from Theorem 10.2.91 
However, Dw,^ — 3-fCvi/2- It is a contradiction. □ 

Proposition 3.1.5. The linear systems \ — 3Kx\ or V are the only Halphen pencils on X. 

Proof. We apply Lemma [0.3.111 to the singular points on X of type |(1,3, 1) and the lemmas 
above to the singular point P. □ 

3.2. Case 1 = 48, hypersurface of degree 21 in P(1,2,3,7, 9). 

In the case oil = 48, the hypersurface X is defined by a general quasihomogeneous equation 
of degree 21 in P(l, 2, 3, 7, 9) with —K^ = ^. It has a quotient singularity of type ^(1, 2, 7) at 
the point O = (0 : : : : 1). It also has one quotient singular point of type ^(1, 1, 1) and two 
quotient singular points of type |(1, 2, 1). 

We have an elliptic fibration as follows: 

/3 7 

V 



X -P(l,2,3), 

w 

where 

• is the natural projection, 

• a is the Kawamata blow up at the point O with weights (1, 2, 7), 

• (3 is the Kawamata blow up with weights (1,2,5) at the singular point of Y that is a 
quotient singularity of type ^(1,2,5), 

• 7 is the Kawamata blow up with weights (1, 2, 3) at the singular point of the variety U 
that is a quotient singularity of type |(1, 2, 3), 
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• ?7 is an elliptic fibration. 

Proposition 10.3.12] implies that the linear system | — 2Kx\ is a Halphen pencil. However, we 
have another Halphen pencil. The hypersurface X can be given by the equation 

w'^z + wfi2{x,y,z,t) + f2i{x,y,z,t) = 0, 

where is a quasihomogeneous polynomial of degree i. Let V be the pencil on X given by the 
equations 

Xx^ + fiz = 0, 

where (A : fi) € P^. We will see that the linear system V is a Halphen pencil on X (K3- 
Proposition I3.2.3P . 

If the set CE{X, ^A4) contains a singular point of type |(1,2, 1) on X, then the identity 
A4 = \ — 2Kx \ follows from Lemma 10.3.111 Therefore, we may assume that 

cs{x,'-m) = {o} 

due to Theorem [0231 Lemmas [0X3l 10.3.101 and Corollary [0X71 

The exceptional divisor E = P(l,2,7) of the birational morphism a contains two quotient 
singular points Pi and Qi of types y(l, 2, 5) and ^(1, 1, 1), respectively. For the convenience, let 
L be the unique curve in the linear system |Cp(i,2,7)(l)l o^i the surface E. 

Lemma 3.2.1. The set CS(y, ^Aiy) cannot contain the point Qi. 

Proof. Suppose that the set CS(y, contains the point Qi. Let ai : Wi — >■ y be the 

Kawamata blow up at the point Qi with weights (1, 1, 1). By Lemma 10.2.61 we have Mwi ~(I2 
—nKy/i ■ 

We consider the linear system | — 7Kx\ on X that has no base curves. Also, the proper 
transform D^Ki of the linear system | — 7Kx \ by the birational aoai has no base curve. Let Di 
be a general member in Pv^i • The divisor Di is nef. Meanwhile, we have 

Di ~Q (a o aiYi-lKx) - ^-a\{E) - ^^i, 

2 

where Ei is the exceptional divisor of ai. Therefore, Di ■ Mi ■ M2 = — ^ < 0, where Mi and 
M2 are general members in A4wi- It is a contradiction. □ 

Therefore, we may assume that CS(y, ^My) = {Pi}- The exceptional divisor F ^ P(l, 2, 5) 
of the birational morphism /3 contains two singular points P2 and Q2 that are quotient singu- 
larities of types |(1,2,3) and ^(1,1,1), respectively. The set CS{U, ^Mjj) contains either the 
point P2 or the point Q2- For the convenience, we denote the unique curve in the linear system 
2,5)(1)| on the surface F by L. 

Lemma 3.2.2. // the set C§>{U, ^Mu) contains the point Q2, then M = V. 

Proof. Suppose that the set CS{U,^A4u) contains the point Q2. Let P2 '■ W2 —>■ U he the 
Kawamata blow up at the point Q2 with weights (1, 1, 1). Let F2 be the exceptional divisor of 
(32. Then, 

Mw2 ~Q -nKw, ~Q {aopoP2T{-nKx) - o /32)*(i?) - -p*2{F) - -F2. 
The base locus of the pencil Vw2 consists of three irreducible curves Cw2J a-^d Ly/2- 
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Let -DvK2 be a general surface in the pencil ■ Then, the surface D2 is normal and we have 

~c 



(a 0/3 0/32)* (-Kx) 
5 



1 



1 



1 



9 



(/3o/?2r(£;)--/32*(F)--F2, 



7' 



1 



Furthermore, 



Cw2 + -^^2 + -^14^2' E\Y2 ■ Dy^2 = 3L14/2! -^14^2 ■ -^W2 = 3L14/2 



Consider the curves Cw2i Lw2i ^-iid Lvk2 as divisors on Dw2- Then, the equivalences above 
imply that 

1 . . 2 



Cw2 ■ = Lw2 • Lw2 



Lw2 ■ Lw2 



Cw2 ' ^ 



W2 



Cw2 ' L 



W2 



Lw2 ■ Lw2 



0. 



2 ' — y^2 — yy'i ^ ' 

Therefore, the intersection form of these curves on -Diy2 is negative-definite. On the other hand, 
we have 



Mw2 



Dw, 



= —nKw2 



= nSw2 



D 



nCw2 ~^ nL\Y2 + nL\Y2) 



W2 



where My/2 is a general surface in the pencil Aiw2- Therefore, we obtain M. 
rem 10X91 



V from Theo- 

□ 



K3-Proposition 3.2.3. A general surface in the pencil V is birational to a K3 surface. 

Proof. We use the same notations in the proof of Lemma I3.2.2I Note that the proof of 
Lemma 13.2.21 and Proposition 10.3.12] shows the linear system 7-" is a Halphen pencil. 

Suppose that the intersection curve A = F2 • D\y2 is a smooth curve on F2 = P^. Because 
the degree of the curve A on F2 is three, it must be an elliptic curve. One can see that the 
singularities of the image surface Du := P2iDw2) are rational except the point Q2. Moreover, 
the restricted morphism P2\dw2 • E>W2 ~^ resolves the singular point Qi. Therefore, the 
singularities of the surface -Diy2 is rational. Because the divisor —Ku is nef and big, the Leray 
spectral sequence for the morphism (3 := P2\dw2 ' ^w-. 



2 . Du shows 



H\Du,Od, 



0, 



^W2 ' V-^IV)-"- M*^Jyw2' 

and hence the irregularity h^{Dw2,ODiv^) = 1- Because the surface Dw2 has only rational 
singularities, a smooth surface birational to the surface Dw2 has the same irregularity. However, 
the surface Dw2 is birational to a K3 surface or an abelian surface by Corollary 10.2. Ill which is 
a contradiction. Therefore, the curve A must be a singular curve, and hence a rational curve. 
Therefore, Corollary 10.2.121 completes the proof. □ 

Due to the lemma above, we may assume that CS{U, -A4u) = {^2}- Let 7 : 1^ — > C/ be 
the Kawamata blow up at the point P2 with weights (1,2,3). Then, the exceptional divisor 
G = P(l,2,3) of the birational morphism 7 contains two singular points P3 and Q3 that are 
quotient singularities of types |(1,2, 1) and ^(1, 1, 1), respectively. Again, the set CS(y, ^Aiy) 
must contain either the point P3 or the point Q^. 

Lemma 3.2.4. The set C§>{V, ^A^v) cannot contain the point Q3. 

Proof. Suppose that the set CS{V,^A4v) contains the point Q3. Let 73 : W3 ^ ^ be the 
Kawamata blow up at the point Q3 with weights (1, 1, 1) and G3 be the exceptional divisor of 
73. Then, J^w^ ~(Q —nKw^ by Lemma rO.2.61 The base locus of the pencil Vw^ consists of three 
irreducible curves , Ly/^ , and L\y^ . 
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Let DiY^ be a general surface in the pencil Vw^- Then, the surface D\y^ is normal and we 
have 



(a o /5 o 7 o 73)*(-3i^x) - ^(/? o 7 o j^TiE) -^(70 ^sTiF) - ^73* (G) - ^G^ 



1 



1 



1 



1 



(a o /? o 7 o jsTi-Kx) - g(/3 o 7 o jsTiE) - -(7 o 73)*(F) - -73*(G) - -G3 



Ews ~Q (/3 o 7 ° IsYiE) - -(7 o 73)*(F) 
Fw, ~Q (7 73)*(i^) - pUG) - Igs, 



rim - 



1 



Gw3 ~(Q 73 (C) 
Furthermore, 

Sws ■ E)w'j, = + Lw-i + Lw'i, Ew-i ■ = SLvi/g, Fw^ ■ = SLvi/g- 

Consider the curves Cwa, Lwz, and Lwz as divisors on Dwz- Then, the equivalences above 
imply that 



Cwz ■ Gwz = Fwz ■ Fwz 



44 



Lwz ■ ^Wz 



35 
90' 



90 

- 19 - 1 

Cwz ■ Lwz = Cwz ■ Lwz = ^> Lwz ■ Lwz = ^• 

It is easy to see that the intersection form of these curves on Dy^^ is negative-definite. On the 
other hand, we have 



Mwz 



Dw,, 



-nKwz 



Dz 



nSwz 



where Mwz is a general surface in the pencil Mwz- Therefore, we obtain M.Wz — T^Wz from 
Theorem 10.2.91 However, it is a contradiction because 1^3 9<^q —2>Kw^. □ 

Therefore, the set CS(y, \Mv) consists of only one point P3. Let (5 : V3 ^ F be the 
Kawamata blow up at the point P3 with weights (1,2, 1). The pencil | — 2iCv3| is the proper 
transform of the pencil | — 2Kx\- It has only one base curve Cvz whose image to X is the base 
curve of the pencil | — 2Kx\- Then, the inequality —Ky^ ■ Cy^ = —2Ky^ < and the equivalence 
Mvz ~Q -nKvz imply M = \ - 2Kx\ by Theorem fO. 2. 91 

Proposition 3.2.5. If 1 = 48, then the linear systems \ — 2Kx\ and V are the only Halphen 
pencils on X. 

3.3. Cases :I = 55, 80, and 91. 

The threefold X C P(l, ai, 02, 03, 04) of degree d = ^ always contains the point O = (0 : 
0:0:1:0). It is a singular point of X that is a quotient singularity of type ^(1, oi, 03 — oi). 
The threefold X can be given by 

2 

t^Z + ^ f-fd-iaz {x, y, z, w) = 0, 
i=0 

where fi is a general quasihomogeneous polynomial of degree i. 
There is a commutative diagram 



/3 



X 



w 

V 

■ 

fl, ai, 02) 



where 
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• a is the Kawamata blow up at the point O with weights (1, ai, 03 — oi), 

• /? is the Kawamata blow up with weights (1, ai, 03 — 2ai) at the singular point Q of the 
variety U that is a quotient singularity of type ^^^^(1, ai, 03 — 2ai), 

• 77 is an elliptic fibration. 

Let V be the pencil defined by 

Xx"-^ + /iz = 0, 

where (A : //) € P"*^. Note that the base curve C of V is given by the equations x = z = 0. We 
will see that the linear systems | — aiKx\ and V are the only Halphen pencils on X. 
We may assume that 

cs{x.'-m) = {o}. 

due to Theorem [0231 Lemmas lOXal 10.3. ini lOXTTl and Corollary [OXTI 

The exceptional divisor E = P(l, 01,03 — ai) of the birational morphism a contains 
two singular points P and Q that are quotient singularities of types ^(l,ai — 1,1) and 
^^4^(1,01,03 — 2ai), respectively. For the convenience, let L be the unique irreducible curve 
contained in |Cp{i,ai,a3-ai)(l)l on the surface E. 

Lemma 3.3.1. // the set CS{U, ^Mu) contains the point P, then M. = V. 

Proof. We will consider only the case J = 91. The other cases can be shown by the same method. 

Suppose that the set C§(C/, ^M.u) contains the point P. Let 7 : F ^ [/ be the Kawamata 
blow up at the point P with weights (1,3, 1) and let Gp be the exceptional divisor of 7. 

Around the point O, the monomials x, y, and w can be considered as weighted local coordi- 
nates with weights wt(x) = 1, wt(?/) = 4, and vjt{w) = 9. Therefore, around the singular point 
P, the birational morphism a is given by the equations 

J_ J_ _9_ 

x = xyi3, y = yi3^ w = wyi3^ 

where x, y, and w are weighted local coordinates with wt(5;) = wt{w) = 1 and wt(y) = 3. Let 
-R be a general surface of the pencil V. Then, R is given by the equation of the form 

4 

\x^ + ni^inP' + ^ (52+iX^^~'**7/* + 5-jxy'^w + d^x^yw + Jgx^u; + higher terms^ = 

near the point O, where 5i G C. The proper transform Ru is given by 

\x^ + fiy^diuP' + 52X^ + 5jxw + higher terms^ = 

near the point P. The base locus of the pencil Vu consists of the irreducible curves Cu and L. 
It shows that | — bKy \ = Vy and the base locus of the pencil | — bKy \ consists of the curves Cy 
and Ly. Furthermore, 

Ry • Sy = Cy + Ly , Ry • Ey = 5Ly , 

which implies that Ry is normal. On the other hand, we have 

' Rv ~Q {aojy(^-5Kx)-^l*{E)-^Gp, 

< Sy^Q{ao^y(^-Kx)-^7*{E)-\Gp, 
3 

Ey ~Q 'y*{E) — -^Gp, 



HALPHEN PENCILS ON WEIGHTED FANO THREEFOLD HYPERSURFACES 



91 



which imphes that on the normal surface Ry we have 

Ey ■ Ey ■ Ry 4 



Ly • Ly 
Cy ■ Cy 
Cy ■ Ly 



25 

Sy ■ Sy ■ Ry - 
Sy ■ Ey ■ Ry 



— Sy ■ Ey • Ry 
5 

EyEy Ry 
25 



Ey ■ Ey ■ R 



ty 



25 



11 
30' 



1 

30' 



It immediately implies that the intersection form of the curves Cy and Ly on the normal surface 
Ry is negative-definite. On the other hand, we have 



Ml 



Ry 



-nKy 



Ry 



nSy 



nCy + nL\ 



which implies that A4y 



^Ky \ by Theorem 10. 2.91 In particular, we have M. = 1^. 



□ 



K3-Proposition 3.3.2. A general surface in V is hirational to a smooth K3 surface. 



Proof. We use the same notations in the proof of Lemma 13.3.11 The exceptional divisor Gp of 
the Kawamata blow up 7 is isomorphic to P(l, oi — 1, 1). Then, the intersection A := Gp ■ Ry 
is a curve of degree 02 = ai + 1 on P(l, ai — 1, 1). 

In the case 3 = 91, the surface Gp has a quotient singular point. One can easily check the 
curve Gp ■ Ry passes through the singular point, and hence it is a rational curve. Therefore, 
Corollary 10.2.121 implies that the surface Ry is birational to a smooth K3 surface. 

In the cases H = 55 and 80, the curve A does not pass through a singular point of the surface 
Gp. We suppose that the curve A is smooth. Because it does not pass through any singular 
point of Gp and its degree on Gp is 02 = ai + 1, it is an elliptic curve. One can see that 
the singularities of the image surface Rjj := ^{Ry) are rational except the point P. Then, the 
same argument of K3-Proposition 13.2.31 leads us to a contradiction. Therefore, the surface Ry 
is birational to a smooth K3 surface. □ 



The exceptional divisor F of the birational morphism /3 contains two singular points Qi and 
Q2 that are quotient singularities of types ^(1, oi — 1, 1) and ^^j^^ai (-*^' '^i' '^^3 ~3ai), respectively. 

Lemma 3.3.3. The set CS{W, ^Mw) does not contain the point Qi. 

Proof. Suppose that the set CS(VF, ^M-w) contains the point Qi. Let 71 : Yi — > be the 
Kawamata blow up at the singular point Qi with weights (l,ai — 1,1) and let Gi be the 
exceptional divisor of 71 . 

Simple calculations imply that the base locus of the proper transform of the linear system 
I — a2Kx\ on the threefold Yi consists of the curves Cy^ and Ly^. 

Let -B be a general surface of the linear system | — a2Kx\. Then, 

Byi ■ = Cyi + Ly^ , Byi ■ Eyi = Lyi , 
which implies that Byi is normal. On the other hand, we have 

' By, ~q (ao/5o7i)*(-a2i^x) --(/3o7i)*(i?) -^^7i*(i") --Gi, 

Sy, ~q {aoi3oj^)*(-Kx)--{Po^^y{E) _ l^i, 

^ \ / as 03 — ai ai 

^ EY,-QiPoj,y{E)-^^^^l{F)-^Gu 

03-01 ai 



92 



IVAN CHELTSOV AND JIHUN PARK 



These equivalence shows that the intersection form of Cy^ and Ly^ on the surface By^ is negative- 
definitelj Since A^yJ^y^ = nCy^+nLy^, the pencil 7W coincides with the linear system \—a2Kx\ 
by Theorem 10.2.91 However, the linear system | — a2Kx \ is not a pencil. □ 

Lemma 3.3.4. // the set C§>{W, ^-Mw) contains the point Q2, then M = \ ~ aiKx\- 

Proof. Suppose that the set CS(M^, ^A4w) contains the point Q2. Let 72 : I2 — > be the 
Kawamata blow up at the point Q2 with weights (1, ai, 03 — 3ai). Then, | — aiKv\ is the proper 
transform of the pencil | — aiKx\ and the base locus of | — aiKy] consists of the irreducible 
curve Cy whose image to X is the base curve of the pencil | — aiKx\- 

Let D he a general surface of the pencil | — aiKv\- Then, D is normal and we can consider 
the curve Cy as a divisor on D. We have Cy < but Ady^ln = nCy by Lemma [0.2.61 which 
implies that A^yj — I ~ (^^i-^yl by Theorem 10.2.91 □ 

Proposition 3.3.5. The linear systems \ — aiKx\ and V is the only Halphen pencils on X. 

Proof. It immediately follows from the previous arguments. □ 

3.4. Cases 1 = 57, 66, 81, and 86. 

Suppose that 1 € {57,66,81,86}. Then, the threefold X C P(l, ai, 02, 03, 04) of degree d = 
^1=1 always contains the point O = (0 : : : 1 : 0). It is a singular point of X that is a 
quotient singularity of type ^(1, ai, 03 — ai). The threefold X can be given by 

t^^Z + 2_, t'fd-ia; {x, y, z, w) = 0, 

i=0 

where is a general quasihomogeneous polynomial of degree i. 
We also have a commutative diagram as follows: 




where 

• ip is the natural projection, 

• TT is the Kawamata blow up at the point O with weights (1,01,03 — ai), 

• 77 is an elliptic fibration. 

Let V be the pencil defined by 

Ax"2 +nz = 0, 

where (A : ^u) G 

We may assume that the set CS(X, y^M) consists of the point O by Lemmas I0.3.3| 10.3.101 
10.3.111 and Corollary [OXTl 

The exceptional divisor E of the birational morphism tt contains two singular points P and 
Q that are quotient singularities of types ^^^^^ (1, 03 — 02, ^2 — oi) and ^(1, 2ai — 03, 03 — oi), 
respectively. 

Lemma 3.4.1. // the set CS{Y, ^Aiy) contains the point P, then Ai = \ — aiKx\- 

Proof. The proof of Proposition I1.13TT] immediately implies that Ai = \ — aiKx\- D 

Lemma 3.4.2. // the set C§>{Y, ^Aiy) contains the point Q, then M. = V . 

'^The curves Cy^, Ly^, and By^ r\F are components of a fiber of the elliptic fibration r?o7i|ay^ , which implies 
that the intersection form of Cy-^ and Lyi on the surface By-^ is negative-definite. 
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Proof. Suppose that the set C§(y, ^A4y) contains the point Q. Let (3 : W ^ Y he the Kawa- 
mata blow up at the point Q with weights (l,2ai — as, as — ai) and let F be the exceptional 
divisor of the birational morphism f3. Then, 



TT O 



a2Kx 



03 fli 



but the base locus of V\y consists of the irreducible curve Cw whose image to X is the unique 
base curve C of the linear system V. 

Let D and M be general surfaces in Vw and Aiw, respectively. Then, D is normal and 



M 



D 



= —nKw 



D 



= nCw, 



but C^, < on the surface D. Therefore, we obtain A4\ 



iw = "Pw from Theorem I0.2.9I □ 
K3-Proposition 3.4.3. A general surface in the pencil V is birational to a smooth K3 surface. 



Proof. We use the same notation in the proof of Lemma 13.4.21 The exceptional divisor E is 
isomorphic to P(l, oi, 03 — oi). The curve A defined by the intersection of a general surface in 
Vy with ii^ is a curve of degree 02. Because 02 < 03 + 1, the curve A is a rational curve. The 
result follows from Theorem 10. 2. 101 since the curve /\w is not contained in the base locus of the 
pencil Vw- D 

Proposition 3.4.4. The linear systems \ — aiKx\ and V are the only Halphen pencils on X. 

Proof. Because we may assume that the set CS(y, ^Aly) contains either the point P or the 
point Q, it immediately follows from Lemmas 13.4.11 and I3.4.2[ □ 

3.5. Case H = 58, hypersurface of degree 24 in P(1, 3, 4, 7, 10). 

Let X be the hypersurface given by a general quasihomogeneous equation of degree 24 in 
P(l,3,4,7,10) with -i^l = ^. Then, the singularities of X consist of two singular points P 
and Q that are quotient singularities of types ^(1)3, 4) and ^(1,3,7), respectively, and one 
point of type ^(1, 1, 1). Also, by the generality of the hypersurface, we may assume that the 
hypersurface X is defined by the equation 

iv^z + wfu{x, y, z, t) + /24(x, y, z, t) = 0, 



where fi{x, y, z, t) is a quasihomogeneous polynomial of degree i. Prop osition 10.3.12] implies that 
the linear system | — 3Kx \ is a Halphen pencil. Let V be the pencil on X given by the equations 

Ax^ + fxz = 0, 

where (A, /i) G P^. We will see that the linear system V is another Halphen pencil on X 
(K3-Proposition 133:11) . 

We have the following commutative diagram: 

Y 

1,3,4), 




where 



• ^ is the natural projection, 

• ap is the Kawamata blow up at the point P with weights (1, 3, 4), 
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• oq is the Kawamata blow up at the point Q with weights (1,3, 7), 

• (3q is the Kawamata blow up with weights (1,3,7) at the point whose image by the 
birational morphism ap is the point Q, 

• (5p is the Kawamata blow up with weights (1,3,4) at the point whose image by the 
birational morphism uq is the point P, 

• (3o is the Kawamata blow up with weights (1,3,4) at the singular point O of the variety 
Uq that is a quotient singularity of type ^(1,3, 4) contained in the exceptional divisor 
of the birational morphism aq , 

• 7p is the Kawamata blow up with weights (1,3,4) at the point whose image by the 
birational morphism aq o f3o is the point P, 

• 7o is the Kawamata blow up with weights (1,3,4) at the singular point of the variety 
Upq that is a quotient singularity of type ^(1,3,4) contained in the exceptional divisor 
of the birational morphism /3q, 

• ?7 is an elliptic fibration. 

Because of Lemma 10.3.31 and Corollary 10.3.71 we may assume that 



The exceptional divisor Ep of the birational morphism ap contains two quotient singular 
points Pi and P2 of types |(1,3, 1) and ^(1,2,1), respectively. 

Lemma 3.5.1. // the set C§'{Up, ^M-Up) contains the point Pi, then M = \ — 3i^x|- 

Proof. Suppose it contains the point Pi. Let /3i : Wi — > Up be the Kawamata blow up at the 
point Pi with weights (1, 3, 1). Then, the pencil | — 3K\y^ \ is the proper transform of the pencil 
system | — 3Kx\ ■ Its base locus consists of the irreducible curve Cwi whose image to X is 
the base curve of the pencil | — 3Kx\- Then, —Kw^ • Cwi < and A4wi ~Q —nKwi imply 
M = \- 3Kx\ by Theorem [oiM □ 

Lemma 3.5.2. The set C§(C/p, ^Mjjp) cannot contain the point P2. 

Proof. Suppose it contains the point P2. Let P2 '■ W2 — > Up be the Kawamata blow up at the 
point P2 with weights (1, 2, 1). Also, let X'2 be the proper transform of the linear system | —4:Kx\ 
by the birational morphism ap o (32. Its base locus consists of the irreducible curve whose 
image to X is the base curve of the linear system | — AKx \ ■ A general surface D2 in T>2 is normal 
and the self-intersection is negative on the surface D2. Because M.^^^\p,^ = —nCw2i we 
obtain an absurd identity Ai = \ — AKx \ from Theorem I0.2.9[ □ 

Meanwhile, the exceptional divisor E = P(l, 3, 7) of the birational morphism aq contains two 
singular points O and Qi of types y(l,3, 4) and |(1,2, 1). For the convenience, let L be the 
unique curve contained in the linear system lOp^i 3 7)(1)| on E . 

Lemma 3.5.3. If the set C§>{Uq, ^-Mug) contains the point Qi, then M = V. 

Proof. Suppose that the set C§(C/q, ^Muq) contains the point Qi. Let tti : Vi ^ Uq be the 
Kawamata blow up at the point Qi with weights (1, 2, 1). The base locus of Vy^ consists of two 
irreducible curves Cy^ and Ly^ ■ 

For a general surface Dy^ in Vy^ , we have 




Sy^ ■ Dy^ = Cy^ + Ly^, Ey^ ■ Dy^ = ALy^. 



Using the following equivalences 



' Ey.^Q nl{E)--Fq, 

' Sy, r^Q {aqoTTiYl^- Kx^ - ^ttI{E) -^Fq, 
^ Dv, ~Q («Q o vri)* ( - AKx) - ^TTi* {E) - ^Fq 
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where Fq is the exceptional divisor of vri , we can obtain 

- 8 
Dvi ■ Cvi = -Dvi • = - J- 

Because 7rl{—Ku^) ■ Li = ttK—Ku^) ■ Cvi = the divisor B := 2AttI{—Kijq) + Dvi is nef and 
big and B ■ Cvi = B ■ Ly^ =0. Therefore, Theorem IU.2.91 imphes = P. □ 

K3-Proposition 3.5.4. A general surface in the pencil V is birational to a smooth K3 surface. 

Proof. We use the same notations in the proof of Lemma 13.5.31 The exceptional divisor Fq is 
isomorphic to P(l, 2, 1). Then, the intersection A := Fq ■ Dy^ is a curve of degree 4 on P(l, 2, 1). 

Easy calculation shows that the curve A does not pass through the singular point of the 
surface Fq. We suppose that the curve A is smooth. Because it does not pass through any 
singular point of Fq and its degree on Fq is four, it is an elliptic curve. One can see that 
the singularities of the image surface := 7ri(L>Vi) are rational except the point Qi. Then, 
the same argument of K3-Proposition 13. 2^31 gives a contradiction. Therefore, the surface Dy^ is 
birational to a smooth K3 surface. □ 

The exceptional divisor Fq of the birational morphism (3o contains two quotient singular 
points Oi and O2 of types |(1,3, 1) and |(1,2, 1), respectively. 

Lemma 3.5.5. If the set CS{Uqo, ^-^Uqo) contains the point Oi, then M = \ — 3Kx\. 

Proof. Suppose that the set CS{Uqo, ^.Muqo) contains the point Oi. Let ai : Ui —)■ Uqo be 
the Kawamata blow up at the point Oi with weights (1,3,1). Then, the pencil | — 3Kuj^ \ is 
the proper transform of the pencil | — SKxl- Its base locus consists of the irreducible curve 
Cui- Because we have Mui —nKu^ and — i^c/i ■ C'c/i < 0; we obtain = | — 2iKx\ from 
Theorem □ 

Lemma 3.5.6. The set C§{Uqo, ^^-^Uqo) cannot contain the point 02- 

Proof. Suppose that the set CS{Uqo, ^Muqo) contains the point O2. Let a2 : U2 ^ Uqo be 
the Kawamata blow up at the point O2 with weights (1, 2, 1). 

The base locus of the pencil 1^1/2 consists of the irreducible curves Cjj^ Ljj^. For a general 
surface H in Vu^, we have 

H ~Q {aQ o f3o o a2n-iKx) " ^(/?o ° ^2)*(i^) - ^cr*{Fo) - ^G, 

where G is the exceptional divisor of C72. The general surface H is normal, Su^ ■ H = Cfj^ + Lu2, 
and ■ H = ^Ljj^ . Since 

Eu2 ~Q iPo o a2nE) - ^a*2iFo) - ^G, 

we can see that the intersection form of the curves Lu^ and Cu^ on the surface H is negative- 
definite. The equivalence Aiu2\H = n'Gu2 + ^^-^(72 holds. Therefore, we can obtain = P from 
Theorem lOMl However, H t^q -^Ku^. □ 

Proposition 3.5.7. The linear systems \ — 3Kx\ and V are the only Halphen pencils on X. 

Proof. Due to the previous lemmas, we may assume that 

cs(x,ix) = {p,q}. 

Following the Kawamata blow ups Y — > Uqo Uq — > X and using Lemmas 13.5.31 13.5.51 
and 13.5.51 we can furthermore assume that the set CS(y, -Aiy) contains one of singular points 
contained the exceptional divisor of the birational morphism jp. In this case. Lemmas 13.5.11 
and ESS imply the statement. □ 
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3.6. Case 2 = 60, hypersurface of degree 24 in P(1, 4, 5, 6, 9). 

The threefold X is a general hypersurface of degree 24 in P(l,4,5,6,9) with -K^ = ^. Its 
singularities consist of one singular point O that is a quotient singularity of type ^(1,4,5), one 
quotient singular point of type ^(1, 4, 1), one quotient singular point of type 1, 2), and two 
quotient singular points of type ^(1, 1, 1). 

It cannot be birationally transformed into an elliptic fibration ([4J). However, a general fiber 
of the natural projection ^ : X --■>■ P(l,4) is birational to a smooth K3 surface by Proposi- 
tion 10.3. 12t in other words, the linear system | — 4:Kx \ is a Halphen pencil. 

By coordinate change, we may assume that the threefold X is given by the equation 

w'^t + wfi5 {x,y,z,t) + f24{x,y, z, t) = 0, 

where fi{x,y,z,t) is a general quasihomogeneous polynomial of degree i. Let V be the pencil 
consisting of surfaces cut out on the threefold X by the equations 

Xx^ + fit = 0, 

where (A : ;u) e 

K3-Proposition 3.6.1. A general surface in the pencil V is birational to a smooth K3 surface. 

Proof. It is a compactification of a double cover of branched over a curve of degree 6. 
Therefore, the statement follows from Theorem 10.1.31 □ 

We are to show that the pencils | — ^Kx\ and V are the only Halphen pencils on X. 

If the set CS(X, i^M) contains the singular point of type ^(1,4, 1), then M. = \ — 4Kx\ 
by Lemma 10.3.111 Therefore, due to Lemma 10.3.31 and Corollary 10. 3. 7^ we may assume that 
C§{X,^M) = {0}. 

Let vr : y — > X be the Kawamata blow up at the point O with weights (1, 4, 5) and E be its 
exceptional divisor. Then, My ~Q —nKy by Lemma 10.2. 61 Thus, the singularities of the log 
pair (y, ^Jviy) are not terminal by Theorem 10.2.41 because the divisor —Ky is nef and big. 

The exceptional divisor E = P(l,4, 5) contains two quotient singular points P and Q that 
are singularities of types |(1,3, 1) and ^(1,4, 1) on the threefold Y, respectively. Then, the set 
C§(y, ^My) contains either the singular point P or the singular point Q by Lemma 10.2.71 

Lemma 3.6.2. // the log pair (Y, y^A4y) is not terminal at the point Q, then M = \ — 4:Kx\. 

Proof. Suppose that the set CS(y, ^M.y) contains the point Q. Let a '.U ^Y he the Kawamata 
blow up at the point Q with weights (1, 4, 1). Then, M.u ~q —nKu by Lemma rO.2.61 The linear 
system | — 4i^[/| is the proper transform of the pencil | — 4:Kx\. Its base locus consists of the 
irreducible curve Ci/. Since 

-Ku ■ Cu = -AKfj = 

we obtain the identity A4 = \ — AKx \ from Theorem 10.2.91 □ 

We may assume that CS(y, }iM.y) = {P}- Let /? : — > y be the Kawamata blow up at the 
singular point P with weights (1, 3, 1) and F be its exceptional divisor. Then, 

- nKx) - g/3*(^) - -^F ~Q -nKw 

by Lemma 10.2.61 In addition, we see 

Vw-Q{^oPy[- QKx) - ^P* {E) - ^F ~Q -6Kw 

Let L be the unique curve in the linear system 10^(1 4 9) (1)| on the surface E. The base locus 
of Vw consists of the irreducible curve Cw and the irreducible curve L\y- 
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A general surface D]y in Vw is normal. From the equivalences 



~Q o /?) * ( - Kx) - Ip* {e) - If, 

Dw^Q{nopy(- 6Kx) - 1(3* [E] - -F, 



we obtain 



L 



w 



fi2 



w — ■ Cw = 



on the surface D]y because Sw • Dw = Cw + Lw and D]y ■ E\y = GLyy. 
For a general surface Myy of the linear system M.w^ 



Mw 



Dv 



-nKw 



Dv 



— nS^jv 



Dv 



= nCw + nL 



W, 



but the intersection form of the irreducible curves Lyy and Cw on the surface Dw is negative- 
definite. Therefore, Theorem IU.2.91 implies that A4w = Vw- 
Consequently, we have obtained 

Proposition 3.6.3. The linear systems \ — 4:Kx\ and V are the only Halphen pencils on X . 

3.7. Case 2 = 69, hypersurface of degree 28 in P(1, 4, 6, 7, 11). 

The variety X is a general hypersurface of degree 28 in P(l, 4, 6, 7, 11) with -K^ = ^. The 
singularities of the hypersurface X consist of one singular point O that are quotient singularities 
of type ^1(154, 7), one point of type g(l,l,5), and two points of type ^(1,1,1). 

There is a commutative diagram 



X 



w 



V 

(1,3,4), 



where 



• a is the Kawamata blow up at the point O with weights (1, 4, 7), 

• /? is the Kawamata blow up with weights (1,4,3) at the singular point of the variety 
U contained in the exceptional divisor of the birational morphism a that is a quotient 
singularity of type ^(1, 4, 3), 

• ?7 is an elliptic fibration. 

The linear system | — ^Kx \ is a Halphen pencil on X by Proposition 10.3. 12[ However, the 
pencil I — 4:Kx\ is not a unique Halphen pencil on X. Indeed, the hypersurface X can be given 
by equation 

w'^z + wfn{x,y,z,t) + f28{x,y,z,t) = 0, 
where fi{x, y, z, t) is a quasihomogeneous polynomial of degree i. Let V be the pencil of surfaces 
cut out on the hypersurface X by the equations 

Xx^ + Hz = 0, 

where {X : fi) £F^. We will see that the linear system V is another Halphen pencil. 

First of all, if the set CS{X, ^A4) contains the singular point of type g(l,l,5), the iden- 
tity = I — 4:Kx\ follows from Lemma IU.3.111 Moreover, due to Lemmas I0.3.3[ 10.3.1^ and 
Corollary EXl we may assume that C§(X, ^M) = {O}. 

It follows from Theorem 10.2.41 that the set C§(C/, ^Mu) is not empty. 

The exceptional divisor E = P(l,4, 7) of the birational morphism a contains two singular 
point P and Q of U that are quotient singularities of types y (1, 3, 4) and |(1, 1, 3), respectively. 
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For the convenience, let L be the unique curve in the hnear system |Op(i,4, 7)(1)| on the surface 
E. 

Lemma 3.7.1. The set CS{U, ^.Mu) does not contain the point Q. 

Proof. Suppose that Q G CS(f/, ^Mu)- Let ttq : Uq ^ U he the Kawamata blow up at the 
point Q with weights (1, 1,3). 

Let T^Uq be the proper transform of the linear system | — 7Kx\ by the birational morphism 
a o TTQ. Its base locus consists of the irreducible curve Cug . A general surface Dug in 'Djjq is 
normal. Moreover, the inequality (7^^ < holds on the surface Di/^. It implies the identity 
M.Uq = T^Uq by Theorem 10.2.91 because MuQ\Dyg = nCug- However, the linear system Pjy^ is 
not a pencil, which is a contradiction. □ 

Therefore, by Theorem 10.2.41 and Lemma 10.2.71 the set CS(C/, ^Mjj) consists of the point P. 

The exceptional divisor F of the birational morphism /3 contains two singular points Pi and 
P2 of W that are quotient singularities of types 1, 2) and 3, 1), respectively. 

As usual, the set CS(VF, ^A^vk) must contain either the point Pi or the point P2 by Theo- 
rem |023] and Lemma lO. 2. 71 

Lemma 3.7.2. // the set C§(W, ^Mw) contains the point Pi, then M = \ — 4:Kx\- 

Proof. Suppose that the set C§:{W, ^A4w) contains the point Pi. Let tti : Wi W he the 
Kawamata blow up at the point Pi with weights (1,1,2). Then, | —4K\y-^ \ is the proper transform 
of the pencil | — ^Kx\- Its base locus consists of the irreducible curve Cwi- Because Mw-i ~Q 
—nKwii the inequality —Ky/i-Cwi < implies the identity = |— 4Kx| bv Theorem 10.2.91 □ 

Lemma 3.7.3. // the set CS{W, ^Mw) contains the point P2, then A4 = V. 

Proof. Suppose that the set CS{W, ^A4w) contains the point P2. Let tt2 : W2 ^ W he the 
Kawamata blow up at the point P2 with weights (1,3, 1) and let G he its exceptional divisor. 
Then, the base locus of the pencil consists of the irreducible curves Cw2 cind Ly/^ . 

Let P* be a general surface of the pencil V. Then, ~q while ' Dy/2 = 

2L^2 + C\Y2 ^-ud Ey/^ ■ D]y^ = 6PvV2 • 

Let us find a divisor B on the threefold W2 such that B is nef and big but R-Cw2 = R-Lw2 = 0- 
Namely, consider a divisor B such that 

P = (a o /? o 7,2)* {-\Kx) + (/? o ^T2r{-^iKu) + Dw2, 

where A and /i are nonnegative rational numbers with (A,^) 7^ (0,0). Then, the equalities 
P • Cw2 = B ■ L\Y2 = imply that A = and /i = 42 because 

- 1 1 - 

-Kx ■ OiO (3o TT2{Cw2) = TT, -Ku ■ P ° TT2{Lw2) = , ■ P O TT2{CW2) = 0) 

3 

Dw2 ■ Lw2 = ' = 0- 

The divisor P is nef and big because the divisors —Kx and —Ku are nef and big, while Cw2 
and LvF2 ^-re the only curves on the threefold W2 that have negative intersection with Dw^ . Let 
M be a general surface in A4w2- Then, P • Dw2 ■ M = 0, which implies that A4w2 = T^W2 by 
Theorem lOMl □ 

Remark 3.7.4. The surface Dy/^ is not normal. Indeed, it follows from local computations that 
the surface Dw2 is singular along the curve Cw2 1 which is reflected by the fact that 5*1^2 ' Dw2 = 
2Lw2 + Cw2- 



K3-Proposition 3.7.5. A general surface in the pencil V is birational to a smooth K3 surface. 
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Proof. Let A be the curve on the exceptional divisor F of the birational morphism P defined 
by intersecting with a general surface in Vw- Then, the curve A is a curve of degree 6 in the 
surface P(l,4, 3), and hence it is rational. The proper transform A\y2 is a rational curve not 
contained in the base locus of the pencil Vw2 ■ Therefore, a general surface in the pencil V is 
birational to a smooth K3 surface by Corollarv l0.2.12[ □ 

Consequently, we have shown 

Proposition 3.7.6. The linear systems \ — ^Kx\ and V are the only pencils on X. 



3.8. Case 2 = 74, hypersurface of degree 30 in P(1,3,4, 10, 13). 

The hypersurface X is defined by a general quasihomogeneous equation of degree 30 in 
P(l,3,4, 10, 13) with -K^ = ^. Its singularities consist of one quotient singularity O of type 
^(1, 3, 10), one quotient singular point of type |(1, 3, 1), and one quotient singular point of type 
i(l,l,l). 

There is a commutative diagram 

Y 



X -P(l,3,4), 



where 



• is the natural projection, 

• a is the Kawamata blow up at the point O with weights (1, 3, 10), 

• /? is the Kawamata blow up with weights (1, 3, 7) at the singular point of the variety U 
that is a quotient singularity of type ^^(1,3, 7) contained in the exceptional divisor of 
the birational morphism a, 

• 7 is the Kawamata blow up with weights (1, 3, 4) at the singular point of the variety W 
that is a quotient singularity of type ^(1, 3, 4) contained in the exceptional divisor of the 
birational morphism /?, 

• ?7 is an elliptic fibration. 

Proposition 10.3.121 implies that the linear system | — 3Kx \ is a Halphen pencil. There is 
another Halphen pencil as follows: The hypersurface X can be given by the equation 

w^z + wfn{x, y, z, t) + /3o(x, y, z, t) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Let V be the pencil on X given by the 
equations 

Xx'^ + liz = 0, 

where (A : /u) E P^. Then, the linear system V is another Halphen pencil on X (K3- 
Proposition[3S2])- 

If the set C§(X, ^M) contains the singular point of type j{l,3, 1), then the identity M. = 
I — 3Kx I follows from Lemma 10.3.111 Therefore, we may assume that 



Cs(.Y,i>,) = {o} 



n 

due to Theorem 10.2.41 Lemmas I0.3.3| 10.3.101 and Corollary 10.3.71 

The exceptional divisor E = P(l,3, 10) of the birational morphism a contains two quotient 
singular points Pi and Qi of types ^(1,3,7) and i(l,2, 1), respectively. For the convenience, 
let L be the unique curve in the linear system |C'p(i,3,io)(l)| on the surface E. 

Lemma 3.8.1. // the set C§>{U, ^M.u) contains the point Qi, then M = V. 
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Proof. Suppose that the set C§(C/, contains the point Qi. Let ai : Wi — > C/ be the 

Kawamata blow up at the point Qi with weights (1, 2, 1). By Lemma 10.2.6^ we have Mwi 
-Kwi- 

The base locus of the pencil Vwi consists of the curves Cwi and ■ 
Let DvKi be a general surface in Vwi ■ We see then that 

Swi ■ = Cwi + 2Liyi, Ewi ■ Dw^ = ^Lw^- 
Note that the surface -Diy^ is not normal and 

( 4 4 

Dw^ ~Q (a o aiYi-AKx) - -^(^\{E) - -Ei, 

' Swi (aoaiYi-Kx) - ^al{E) -^Ei, 
2 

V 6 

where Ei is the exceptional divisor of the birational morphism ai . 
One can easily see that 

1 - 6 - 

-Ku ■ L = —, -Ku ■ Cu = 0, Dwi ■ Lwi = --, Dw^ ■ Cwi = 0. 
6U 5 

Because —Ku is nef and big and LvKi is the only curve intersecting D^i negatively, B := 
36a* {—Ku) + is also a nef and big divisor with B ■ = B ■ Cwi = 0. Let M be a general 
surface in A4wi- We then obtain B ■ M ■ = 0, which implies that = "P. □ 

K3-Proposition 3.8.2. A general surface in the pencil V is birational to a smooth K3 surface. 

Proof. We use the same notations in the proof of Lemma 13.8.11 Let A be the curve on the 
exceptional divisor Ei defined by intersecting with the surface .DvKi- Then, the curve A is a 
curve of degree 4 on the surface P(l, 2, 1). 

If the curve A is singular, then it is a rational curve on the surface D\Yi ■ Suppose that the 
curve A is smooth. Then, it cannot pass through the singular point of the surface Ei, and 
hence it is an elliptic curve. Then, the argument in the proof of K3-Proposition 13.2.31 gives a 
contradiction. Therefore, the surface -DvFi must have a rational curve not contained in the base 
locus of the pencil Vwi- Then, Corollaries 10.2.111 and lO.2.121 complete the proof. □ 

Due to Lemma [3.8.11 we may assume that CS(C/, ^Mu) = {Pi}- 

The exceptional divisor F = P(l,3, 7) of the birational morphism (3 contains two singular 
points P2 and Q2 that are quotient singularities of types y(l,3, 4) and |(1,2,1), respectively. 
We let L be the unique curve in the linear system |C'p(i,3,7)(l)| on surface F. 

The set C§(VF, ^Mw) contains either the point P2 or the point Q2. 

Lemma 3.8.3. // the set CS(PF, ^J^w) contains the point Q2, then A4 = V. 

Proof. Suppose that the set C§(Vl^, ^A4w) contains the point Q2. Let P2 '■ W2 W he the 
Kawamata blow up at the point Q2 with weights (1, 2, 1) and F2 be its exceptional divisor. The 
base locus of the pencil T'w2 consists of three irreducible curves Cw2j Lw2-, and Lw2- 
Let DvF2 be a general surface in the pencil Vw2- Then, we have 

' Dw2 ~Q (a o /3 o l32r{-AKx) " ° /?2)*(i?) - ^/^K^) " ^^2, 
Sw2 ~Q (« o /3 o /32)*(-Kx) - o P2T{E) - - 1^2, 

Ew2 ~Q (/9 o hr{E) - ^PUF) - 1^2, 

Fw2-qF2{F)-\f2. 

V 6 
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Furthermore, 

■ = Cwq + 2-LvK2 + > ■ Dw^ = 4-Lw^2 1 ■ Dw^ = ^Lw^ ■ 

First of all, we can easily check that 

2 - 8 - 

Dwi ■ = — 2' "^^2 ■ = I^W2 ■ Cw2 = 0- 

We then consider the divisor 

B2 = 20(/3 o (32y{-Ku) + 2A(3*2{-Kw) + Dw2 

on W2- Because 

^ -Ku-{l3o P2){Lw2) = ^, -Ku ■ (/3 o P2){Cw2) = 

— Kw ■ P2{Lw2) = 0) —Kw ■ P2{Lw2) = i^i —Kw ■ P2{Cw2) = 

we see that B2 ■ Lw2 = B2 ■ Lw2 = -S2 • Cw2 = 0- 

Because —Ku and —Kw are nef and big and Lw^ and L]Y2 are the only curves intersecting 
Dw2 negatively, the divisor B2 is also nef and big. Let M2 be a general surface in Mw2- We 
then obtain B2 ■ M2 ■ Dw2 = 0, which implies that M. = V. □ 

Due to the lemma above, we may assume that CS{W, }iMw) = {^2}- The exceptional divisor 
G = P(l,3,4) of the birational morphism 7 contains two singular points P3 and that are 
quotient singularities of types 3(1,8, 1) and g(l,2, 1), respectively. Again, the set CS(F, ^Aly) 
contains either the point P3 or the point Q3. 

Lemma 3.8.4. The set CS(y, ^My) cannot contain the point Q^. 

Proof. Suppose that the set C§(y, ^A^y) contains the point Q^. Let 73 : W3 Y he the 

Kawamata blow up at the point Q^, with weights (1, 2, 1) and let G3 be the exceptional divisor 
of 73. The base locus of the pencil Vwz consists of three irreducible curves Cwz 1 > and -^Ws • 
Let be a general surface in the pencil Vwj, ■ We see 

Dwz ~Q (a 0/3 07 073)* (-4Kx) - ^(/?0 7 73r(£^) - ^(7 73r(i^) - ^lt{G) - ^^3 

>5h^3 ~Q (« o /3 o 7 o 1^)\-Kx) - o 7 o 73)* (^) - ]^(7 o 73)* (i^) - \ll{G) - ^G3, 

7 

Ewz ~Q (/3 o 7 o -iz)*{E) -^(70 73)* (^), 

Fwz ~Q (7 o 73)*(i^) - \ll{G) - ^G3, 
Furthermore, 

Swz ■ Dwz = Cwz + '^Lwz + Lwz, Ewz ■ Dwz = ^^Wz^ ^Wz ■ Dwz = 4:Lwz- 
From this, one can obtain 



Dwz ■ Lwz = 0) Dwz ■ Lwz = -777' ^Wz ■ Cwz = 



1 „ ^ 1 
24' 

Using the same method as in the previous lemma with nef and big divisors —Kx, —Ku, and 
—Kw, wc can find a nef and big divisor B^ on W3 such that B3 ■ Dwz ■ M3 = 0, where M3 is 
a general surface in Mwz^ which implies that M = V. However it is a contradiction because 
L>3 9^Q -iKwz- □ 

Therefore, the set C§(y, j^My) contains the point P3. Let 6 : V ^ Y he the Kawamata blow 
up at the point P3 with weights (1,3,1). The pencil | — SKy \ is the proper transform of the 
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pencil I — 3Kx\- It has only one irreducible base curve Cy. For a general surface M in Aiy , we 
have 



M 



-nKy 



nCy. 



Therefore, the inequality —Kc ■ Cy < implies that A4 
Consequently, we have proved 



3Kx\ by Theorem [02]3 




Proposition 3.8.5. The linear systems \ — 3Kx\ and V are the only Halphen pencils on X. 

3.9. Case 2 = 76, hypersurface of degree 30 in P(1, 5, 6, 8, 11). 

The variety X is a general hypersurface of degree 25 in P(l, 5, 6, 8, 11) with -K^ = ^. The 
singularities of X consist of one point that is a quotient singularity of type ^(1, 1, 1), one point 
P that is a quotient singularity of type |(1, 5, 3), and one point Q that is a quotient singularity 
of type Yj-(1,5,6). 

There is a commutative diagram 



1,5,6), 



X" 

where 

• ip is the natural projection, 

• ap is the Kawamata blow up at the point P with weights (1, 5, 3), 

• aq is the Kawamata blow up at the point Q with weights (1, 5, 6), 

• (3q is the Kawamata blow up with weights (1, 5, 6) at the point whose image to X is the 
point Q, 

• (5p is the Kawamata blow up with weights (1, 5, 3) at the point whose image to X is the 
point P, 

• ?7 is an elliptic fibration. 

The threefold X can be given by the equation 

t^z + t^/i4 (x, y, z,w) +t [up' + /22 (x, y, z) ) + /so (x, y, z, w) = 0, 

where fi{x,y, z,t) is a general quasihomogeneous polynomial of degree i. Let V be the pencil 
consisting of surfaces cut out on the threefold X by the equations 

Ax*^ + Hz = 0, 



5Kx I and V are the only Halphen pencils on X . 



where (A : /u) G 

Proposition 3.9.1. The linear systems 

By Lemmas lOXTOl [0X31 and Corollary [033 we have CS{X, ^M) C {P, Q}. 

The exceptional divisor Ep of the birational morphism ap contains two quotient singular 
points Pi and P2 of types ^(1,2,3) and |(1,2, 1), respectively. The divisor —Kjjp is nef and 
big. Thus, the set CS{Up, ^Mup) is not empty by Theorem [0231 

Lemma 3.9.2. // the set C§{Up, ^^Mup) contains Pi, then M = V. 

Proof. Suppose that the set £S{Up,^M.Up) contains the point Pi. Let /3i : Wi ^ Up he 
the Kawamata blow up at the point Pi with weights (1,2,3). Then, AlvKi ~Q —nK\Y-^ by 
Lemma To. 2. 61 Also, one can see that Vwi ~Q —QKwi and the base locus of Vwi consists of the 
irreducible curve Cwi- The inequality —K]y-^ ■ Cwi < implies Ai = V hy Theorem 10.2.91 □ 
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K3-Proposition 3.9.3. A general surface in the pencil V is birational to a K3 surface. 

Proof. We use the same notation in the proof of Lemma l3.9.2i The exceptional divisor Ep is 
isomorphic to the weighted projective space 3, 5) and the curve A defined by the intersection 
of Ep with a general member in Vup has degree 6 on Ep. Therefore, the curve is a rational 
curve not contained in the base locus of the pencil Vw-i , and hence a general surface in the pencil 
V is birational to a smooth K3 surface by Corollarv 10.2.121 □ 

Lemma 3.9.4. // the set C§{Up, ^Mup) contains P2, then M = \ — 5Kx\. 

Proof. Suppose that the set C§'{Up, ^Mp) contains the point P2. Let (32 ■ W2 —>■ Up be 
the Kawamata blow up of the point P2 with weights (1,2,1). Then, Aiw2 ~Q —nK\Y2 by 
Lemma 10.2.61 The pencil | — bKw^ I is the proper transform of the pencil | — 5Kx \ and its 
base locus consists of the irreducible curve Cw2- Then, the inequality —K\y2 • < implies 
M = \- hKx\ by Theorem [0231 □ 

Meanwhile, the exceptional divisor Eq of the birational morphism aq contains two quotient 
singular points Qi and Q2 of types ^(1,4,1) and g(l,5,l), respectively. The divisor —Kug is 
nef and big. Thus, the set CS([/q, ^-A^c/q) is not empty by Theorem 10.2.41 

Lemma 3.9.5. // the set CS{Uq, ^Muq) contains Qi, then A4 = V. 

Proof. The proof is similar to that of Lemma 13.9.21 □ 

Lemma 3.9.6. // the set CS{Up, ^A^c/p) contains Q2, then M = \ — 5Kx\- 

Proof. The proof is similar to that of Lemma 13.9.41 □ 

Therefore, for the proof of Proposition 13.9. H we may assume that CS(X, -A4) = {P, Q} by 
the previous lemmas. 

Each member of the pencil My is contracted to a curve by the elliptic fibration r] by 
Lemma 10.2.61 but the set CS(y, ^My) is not empty by Theorem I0.2.4[ Hence, it follows from 
Lemma 10.2.71 that the set C§(y, ^My) contains a singular point of the threefold Y that is 
contained either in the exceptional divisor of the birational morphism ap or in the exceptional 
divisor of the birational morphism Pq. Then, Lemmas 13. 9. 2^ [3.9.41 13.9.3} and 13.9.6) conclude the 
proof of Proposition 13.9.11 

3.10. Case 2 = 79, hypersurface of degree 33 in P(1, 3, 5, 11, 14). 

The threefold X is a general hypersurface of degree 33 in P(l, 3, 5, 11, 14) with —Kj^ = 
It has two singular points. One is a quotient singularity of type ^(1,1,4) and the other is a 
quotient singularity O of type 3, 11). The hypersurface X can be given by the equation 

w^z + wfiQ (x, y, z, t) + /33 (x, y, z, t) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Let V be the pencil cut out on X by 

Xx^ + /xz = 0, 

where (A : /x) G 

There is a commutative diagram 

13 7 

Y 



X -P(l,3,5), 

n> 

where 

• ^ is the natural projection, 

• a is the Kawamata blow up at the point O with weights (1, 3, 11), 
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• /? is the Kawamata blow up with weights (1, 3, 8) at the singular point of type 3, 8) 
contained in the exceptional divisor of the birational morphism a, 

• 7 is the Kawamata blow up with weights (1, 3, 5) at the singular point of type |(1, 3, 5) 
contained in the exceptional divisor of the birational morphism /3, 

• ?7 is an elliptic fibration. 

If the set CS(X, ^M-x) contains the singular point of type 1,4), then A4 = \ — 'iKx\ by 
Lemma 10.3.111 Therefore, we may assume that 

cs(x,i^) = {o} 

due to Lemma 10.3.31 and Corollary 10.3.71 

The exceptional divisor E ofa contains two quotient singular points P and Q of types |(1, 1, 2) 
and Yj(l,3,8), respectively. 

Lemma 3.10.1. The set CS{U, ^A4u) consists of the point Q. 

Proof. Suppose that CS(C/, ^Mu) + {Q}- Then, the set CS(C/, \Mv) contains the point P. Let 
TTp : C/p ^ J7 be the Kawamata blow up at P with weights (1, 1, 2). Then, M.Up ~q —nKup by 
Lemma 10.2.61 

Let T> be the proper transforms of | — lli^xj on the threefold IJp and I? be a general surface 
of the linear system T>. Then, the base locus of the linear system P does not contain curves, 
which implies that the divisor D is nef. Thus, we obtain an absurd inequality 

2 

< L> • Ml • Ma = - — , 
5 

where M\ and M2 are general surfaces of the pencil Mup- D 

The exceptional divisor F of the birational morphism /5 contains two singular points Qi and 
Q2 that are quotient singularities of types ^(1,1,2) and |(1,3,5) respectively. 

Lemma 3.10.2. // the set CS(VF, ^Mw) contains the point Qi, then M. = V. 

Proof. Suppose that the set CS{W, ^M.w) contains the point Qi. Let vr : Wi —fWhe the 
Kawamata blow up of Qi with weights (1, 1, 2) and G be its exceptional divisor. Then, Mwi ~(Q 
—nK\Y^ by Lemma 10.2.61 

Let £. be the linear system on the hypersurface X cut out by 

Ao3;^° + Aiy^° + Aaz^ + Ast^x*^ + X^t'^y'^x'^ + Asi/x + X^wtz = 

where (Aq : • • • : Ag) € P^. Then, the base locus of C does not contain curves. Then, it follows 
from simple calculations that the base locus of the linear system Cwi does not contain any curve 
and for a general surface B in C, we obtain 

/ \ 30 8 2 

Sw^, ~Q (a o /3 o vr) * ( - 30i^x) - - (/3 o vr) * (i?) - - vr* (F) - -G. 

In particular, the divisor is nef and big. 

Let M be a general surface of the pencil Mwi and D be a general surface of the linear system 
I — Then, i^v^i ■ M ■ D = 0, which implies that = 7^ by Theorem 10.2.91 because the 

linear system | — 5i^vK^ | is the proper transform of the pencil V. □ 

K3-Proposition 3.10.3. A general surface in the pencil V is birational to a smooth K3 surface. 

Proof. We use the same notations in the proof of Lemma [3. 10.21 The surface G is isomorphic to 
the projective space P(l, 1, 2). Let T be a general surface in the pencil V and let A = G • Tw^- 
Then, by simple calculation, we see that the curve A on G is defined by the equation 

eix^ + eax^yt + e^xft + e^yf = C Proj(C[x, y, t]) = P(l, 1, 2), 

where each is a general complex number. It has two nodes at the points (1:0:0) and 
(0:1:0). But it is smooth at the point (0:0:1) which is a Ai singular point of the surface G. 
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Let G be the blow up of the surface G at these three points. The genus of the normahzation A 
of the curve A is 

p,(A) = ^ g ^ ^ + 1 = ^-^ ^ + 1-2 = 0, 

and hence the curve A is a rational curve not contained in the base locus of the pencil Vw\- 
Therefore, Corollary 10.2.121 completes the proof. □ 

We may assume that CS(Ty, ^Mw) = {Q2} due to Theorem [0231 and Lemma [0221 Let Oi 
and O2 be the quotient singular points of the threefold Y contained in the exceptional divisor 
of 7 that are of types |(1, 1, 2) and ^(1, 3, 2), respectively. Then, 



/cs (y,iMy) c {01,02} 



by Theorem 10. 2. 4^ Lemmas 10.2.61 and 10.2.71 The proof of Lemma 13.3.31 implies that the 
CS(y, ^A^y) does not contain the point Oi. Now, the proofs of Lemma [3.3.41 shows M. = 
\-^Kx\. 

Therefore, we have proved 

Proposition 3.10.4. The linear systems \ — 'iKx\ and V are the only Halphen pencils on X. 



3.11. Cases 1 = M and 93. 

In the case oil = 84, the threefold X is a general hypersurface of degree 36 in P(l, 7, 8, 9, 12) 
with —K^ = jig. Its singularities consist of one quotient singular point of type |(1,3, 1), one 
quotient singular point of type ^(1, 1, 2), one quotient singular point of type y(l, 2, 5), and one 
quotient singular point of type ^(1, 7, 1). 

In the case of H = 93, the threefold X is a general hypersurface of degree 50 in P(l, 7, 8, 10, 25) 
with —K^ = 2^0- It has one quotient singular point of type |(1,1,1), one quotient singular 
point of type ^(1,2,3), one quotient singular point of type ^(1,3,4), and one quotient singular 
point of type |(1, 7, 1). 

In both cases, the threefold X cannot be birationally transformed to an elliptic fibration ([4J). 
However, it can be rationally fibred by K3 surfaces. 
The threefold X can be given by the equation 

d-15 

d 8 

y~z+^ y'fd-n {x,z,t,w) =0, 

where d is the degree of X and /j is quasihomogeneous polynomial of degree i. Let V be the 
pencil that is cut out on X by 

Xx^ + Hz = 0, 

where (A : ;u) G 

K3-Proposition 3.11.1. A general surface in the pencil V is birational to a smooth K3 surface. 

Proof. \i1 = 84, then a general surface in the pencil P is a compactification of a quartic surface 
in and must be birational to a smooth K3 surface by Theorem lO.1.31 If H = 93, then a general 
surface in the pencil "P is a compactification of a double cover of C'^ ramified along a sextic curve 
that must be birational to a smooth K3 surface. □ 

Proposition 3.11.2. If 2 (z {84,93}, then the pencils \ — aiKx\ and V are unique Halphen 
pencils on X . 



Proof. Theorem 10.2.41 Lemmas 10.3.31 10.3.101 10.3. 11[ and Corollary 10.3.71 immediately imply the 
result. □ 
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3.12. Case 2 = 95, hypersurface of degree 66 in P(1, 5, 6, 22, 33). 

Let X be a general hypersurface of degree 66 in F(l,5,6,22,33) with -K^ = Its 
singularities consist of a quotient singular point of type 1, 1), a quotient singular point of 
type 2, 1), a quotient singular point P of type 2, 3), and a quotient singular point O of 
type Yr(l,5,6). 

We have an elliptic fibration as follows: 



U 




where 

• ^ is the natural projection, 

• TT is the Kawamata blow up at the point O with weights (1, 5, 6), 

• ?7 is an elliptic fibration. 

The threefold X can be given by the equation 

11 

y^'^z + ^ y'fm-5i {x, z, t,w) =0 

i=0 

in P(l, 5, 6, 22, 33) , where fi is a quasihomogeneous polynomial of degree i. Let V be the pencil on 
the threefold X that is cut out by the pencil = jsz, where (A : /u) G P^. Then, Lemma [0.3.11l 
implies V is a Halphen pencil as well. 

Proposition 3.12.1. If2 = 95, then the linear systems \ — 5Kx\ and V are the only Halphen 
pencils. 

Proof. The proof is almost same as the cases H = 89, 90, 92, 94. We have one thing different 
from these cases. It has a singular point at (0 : 1 : : : 0) such that it gives us 6 = 6, c = 0, and 
—Ky < for Proposition 10.3.91 The result therefore follows from Lemmas 12. 13. II and 10. 3. iTl □ 

K3-Proposition 3.12.2. A general surface in the pencil V is hirational to a K3 surface. 

Proof. Let a : y — > X be the Kawamata blow up at the point P with weights (1,2,3) and let 
E be its exceptional divisor. Then, the surface E is isomorphic to P(l, 2, 3). Let D he a. general 
surface in the pencil V. Then, the intersection /S. := E ■ Dy is a curve of degree six on E. It 
does not pass through any singular point of the surface E. We suppose that the curve A is 
smooth. Because it does not pass through any singular point of E and its degree on E is 6, it 
is an elliptic curve. The singularities of the surface D are rational except the point P. Then, 
the same argument of K3-Proposition 13.2.31 gives a contradiction. Therefore, the surface Dvi is 
birational to a smooth K3 surface. □ 
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Part 4. Fano threefold hypersurfaces with more than two Halphen pencils. 
4.1. Case 2 = 18, hypersurface of degree 12 in P(1, 2, 2, 3, 5). 

The threefold X is a general hypersurface of degree 12 in P(l, 2, 2, 3, 5) with -K^ = i. The 
singularities of X consist of six points Oi, O2, O3, O4, O5 and Og that are quotient singularities 
of type |(1, 1, 1) and one point P that is a quotient singularity of type ^(1, 2, 3). 

There is a commutative diagram 

13 

w 



X --P(l,2,2), 

w 

where 

• ip \s the natural projection, 

• Q is the Kawamata blow up at the point P with weights (1, 2, 3), 

• /3 is the Kawamata blow up with weights (1, 2, 1) of the singular point of the variety U 
that is a quotient singularity of type |(1, 2, 1), 

• 7/ is an elliptic fibration. 

The hypersurface X can be given by the equation 

nP'z + wfj{x, y, z, t) + fuix, y, z, t) = 0, 

where fi{x,y, z,t) is a general quasihomogeneous polynomial of degree i. Let V be the pencil 
of surfaces that are cut out on the hypersurface X by the equations Ax^ + fiz = 0, where 
(A : ^) G Pi. 

K3-Proposition 4.1.1. A general surface of the pencil V is birational to a K3 surface. In 
particular, the linear system V is a Halphen pencil. 

Proof. A general surface of the pencil V is not ruled because X is birationally rigid ([7]). Hence, 
a general surface of the pencil V is birational to a K3 surface because it is a compactification of 
a double cover of branched over a sextic curve. □ 

The hypersurface X can also be given by the equation 

xgii{x, y, z, t, w) + tgg{x, y, z, t, w) + wgjix, y, z, t, w) + yg^iy, z) = 

such that the point Oi is given by the equations x = y = t = w = 0, where gi is a general 
quasihomogeneous polynomial of degree i. Let Vi be the pencil of surfaces that are cut out on 
the hypersurface X by the pencil Ax^ + /iy = 0, where {X : fi) G P^. We will see that the linear 
system Vi is a Halphen pencil. The base locus of Vi does not contain the points O2, O3, O4, 
O5 and Oq. Similarly, we can construct a Halphen pencil Vi such that Vi C \ — 2Kx\ and the 
base locus of the pencil Vi contains the point Oi. 

Proposition 4.1.2. The linear systems V , Vi, V2, V3, V4, V5, and Vq are the only Halphen 
pencils on X . 

We may assume that the singularities of the log pair {X, -A4) are canonical. Moreover, it 
follows from Lemmas 10.3.31 and Corollarv 10.3.71 that 

Cs(x,ix) c {Oi, 02,03, 04,05, Oe,^'}. 

Lemma 4.1.3. If Oi G CS{X, ^M), then M = Vi. 

Proof. Let iTi : Vi ^ X he the Kawamata blow up at the point Oi with weights (1, 1, 1). Then, 
■M-Vi ~Q —nKy^ by Lemma r0.2.6[ 
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The linear system | — 2Ky- \ is the proper transform of the pencil Vi and the base locus of 
I — 2Kvi \ consists of the irreducible curve Cvi such that 7r{Cvi) is the base curve of the pencil 

Let D be a general surface in | — 2Kvi\- Then, the surface D is normal and Cy, < on the 
surface D. On the other hand, we have Cy. = — i^yji); which implies that = | — 2Kvi \ by 
Theorem 10231 » » ' ' □ 

K3-Proposition 4.1.4. A general surface of each pencil Vi is hirational to a K3 surface. In 
particular, Vi is a Halphen pencil. 

Proof. We use the same notations as in the proof of Lemma 14.1.31 The pencil | — ^Ky. \ satisfies 
the condition of Theorem 10.2.101 Therefore, it is a Halphen pencil. The intersection of the 
surface D and the exceptional divisor Ei = of the birational morphism vr is a conic on Ei. 
An irreducible component of the intersection D ■ Ei is a rational curve not contained in the 
base locus of the pencil | — 2Kvi\. Therefore, the surface D is birational to a K3 surface by 
Corollary 10.2.121 ' □ 

Let E be the exceptional divisor of the birational morphism a. It has two singular points Q 
and O that are quotient singularities of types 2, 1) and |(1, 1, 1), respectively. 

Let C be the base curve of the pencil V and L be the unique curve in of the linear system 
|Cp(i,2,3)(l)l on E. 

Lemma 4.1.5. // the set CS{U, ^M-u) contains the point O, then A4 =V. 

Proof. Let n : V ^ U he the Kawamata blow up at the point O with weights (1, 1, 1) and F 
be the exceptional divisor of the birational morphism vr. Let C be the proper transform of the 
linear system | — SKjjI by the birational morphism tt. We have My ~(Q) —nKy by Lemma fO.2.61 
Vv ~Q —2Kv, and 

Cr^Q TT*{-3Ku)-^F. 

The base locus of the linear system C consists of the irreducible curve Cy. Moreover, for a 
general surface T of the linear system C, the inequality T ■ Cy > holds, which implies that the 
divisor 7r*{—QKu) — F is nef and big. 

Let M and D be general surfaces of the pencils A4y and Vy, respectively. Then, 

{tt*{-6Ku) -FyM-D = {tt*{-QKu) - f) • {TT*{-nKu) - ^f) • (t:*{-2Ku) - f) = 0, 

which implies that M.y = Vy by Theorem 10.2.91 □ 

For now, to prove Proposition 14.1.21 we may assume that C§(X, ^M) = {P}. Because 
M.U —nKjj by Lemma lO.2.61 the set CS(C/, ^A^)(7 is not empty by Theorem l0.2.4[ Therefore, 
Lemma 14.1.51 enables us to assume that the set CS([/, ^M.u) consists of the point Q. The 
equivalence M.w ~Q —nKy/ by Lemma 10.2.61 implies that every surface in the pencil M.w is 
contracted to a curve by the elliptic fibration rj. Moreover, the set CS{W, -M.w) is not empty 
by Theorem [D231 

Let G be the exceptional divisor of the birational morphism (3 and Qi be the singular point 
of the surface G. Then, the point Qi is the quotient singularity of type ^(1, 1, 1) on the variety 
W . Moreover, it follows from Lemma [0.2.71 that the set C§(1^, ^M.w) contains the point Qi. 

Let 7 : y — > 1^ be the Kawamata blow up at the point Qi with weights (1,1,1). The 
base locus of the pencil Vy consists of the irreducible curves Cy and Ly. Let D be a general 
surface of the pencil Vy. Then, explicit local calculations show that D ~(q —2Ky. On the 
other hand, the surface D is normal and the intersection form of the curves Cy and Ly on the 
surface D is negative-definite. Hence, we obtain the identity My = Vy from Theorem 10.2.91 
because A4y|_D = n{Cy + Ly). Therefore, we see that M. = V, which completes our proof of 
Proposition 14.1.21 
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4.2. Case H = 22, hypersurface of degree 14 in P(1, 2, 2, 3, 7). 

The threefold X is a general hypersurface of degree 14 in P(l, 2, 2, 3, 7) with -K^ = i. The 
singularities of X consist of seven points Oi, O2, O3, O4, O5, Oq, and O7 that are quotient 
singularities of type |(1, 1, 1) and one point P that is a quotient singularity of type |(1, 2, 1). 

There is a commutative diagram 



Y 




X ---P(l,2,2), 

where 

• ip is the natural projection, 

• TT is the Kawamata blow up at the point P with weights (1, 2, 1), 

• 77 is an elliptic fibration. 

The hypersurface X can be given by the equation 

f^z + t^f5{x,y,z,w) +ff8{x,y,z,w) + tfn{x,y, z,w) + fi4,{x,y, z,w) = 0, 

where fi{x,y, z,t) is a general quasihomogeneous polynomial of degree i. Let V be the pencil 
of surfaces that are cut out on the hypersurface X by the equations Ax^ + fiz = 0, where 
(A : ^) G P^. We will see that the linear system P is a Halphen pencil. 
The hypersurface X can also be given by the equation 

xgi3{x,y,z,t,w) +tgu{x,y,z,t,w) + wg7{x,y, z,t,w) +ygi2{y,z) = 

such that the point Oi is given by the equations x = y = t = w = 0, where gi is a general 
quasihomogeneous polynomial of degree i. Let Vi be the pencil of surfaces cut out on the 
hypersurface X by the pencil Ax'^ + = 0, where (A : fi) E P^. Then, Vi is a Halphen pencil. 
Indeed, a general surface in this pencil is a compactification of a double cover of C'^ branched 
over a sextic curve. The base locus of Vi does not contain the points O2, O3, O4, O5, Oq, and 
O7. Similarly, we can construct a Halphen pencil Vi such that Vi C \ — 2Kx\ and the base locus 
of the pencil Vi contains the point Oi. 

Proposition 4.2.1. The linear systems V , Vi, V2, V3, Vi, V5, Vq, and V7 are the only Halphen 
pencils on X . 

Proof. Due to Lemmas 10.3.31 and Corollary 10.3.71 we may assume that 

Cs(x,i7w) c [Oi, 02,03, 0^,0^,06, Or, P}. 

If it contains the point Oi, we consider the Kawamata blow up vTj : 1^ ^ X at the point Oi with 
weights (1, 1, 1). The proof of Lemma 14.1.31 then shows A4 = Vi. 

From now, we suppose that the set CS(X, consists of the point P. Then, the set 

CS(y, -My) must contain the singular point that is contained in the exceptional divisor of the 
birational morphism vr. 

Let a : W ^ Y he the Kawamata blow up at this point. Then, the base locus of the pencil 
Vw consists of the irreducible curve Cw- Moreover, Vw ~Q) —'iKw, —Kw ■ Cw < 0, and 
Mw ~Q —nK\Y. Therefore, Theorem 10.2.91 gives us the identity Ai =V. □ 

K3-Proposition 4.2.2. A general surface in each of the pencils V, Vi, V2, V3, V4, V^, Vq, 

and V-j is birational to a smooth K3 surface. 

Proof. A general surface in the pencil Vi is a compactification of a double cover of ramified 
along a sextic curve. By Theorem 10.1.31 it must be birational to a smooth K3 surface. For the 
pencil V, use the same argument with the exceptional divisor of a as in K3-Proposition r4.1.4l □ 
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4.3. Case 1 = 28, hypersurface of degree 15 in P(1, 3, 3, 4, 5). 

The threefold X is a general hypersurface of degree 15 in P(l,3,3,4,5) with = ^. The 

singularities of X consist of five points Oi, O2, O3, O4, and O5 that are quotient singularities 
of type ^(1, 1, 2) and one point P that is a quotient singularity of type |(1, 3, 1). 

There is a commutative diagram 

Y 

X ---P(l,3,3), 

w 

where 

• ^ is the natural projection, 

• TT is the Kawamata blow up at the point P with weights (1, 3, 1), 

• is an elliptic fibration. 

The hypersurface X can be given by the equation 

i^z + t^/7(x, y, z, w) + t/ii(x, y, z, w) + /i5(x, y, z, w) = 0, 

where fi{x,y, z,t) is a general quasihomogeneous polynomial of degree i. Let P be the pencil 
of surfaces that are cut out on the hypersurface X by the equations Ax^ + fiz = 0, where 
(A : /i) G P^. As in the previous cases, the linear system P is a Halphen pencil. 
The hypersurface X can also be given by the equation 

X5i4(x, y, z, t) + tgii{x, y, z, t) + wgio{x, y, z, t) + ys'i2(y, z) = 

such that the point Oi is given by the equations x = y = t = w = 0, where gt is a general 
quasihomogeneous polynomial of degree i. Let Vi be the pencil of surfaces that are cut out on 
the hypersurface X by the pencil Ax^ + fiy = 0, where (A : /u) G F^. Then, the linear system- 
Pi is a Halphen pencil. The base locus of Vi does not contain the points O2, O3, O4, and O5. 
Similarly, we can construct a Halphen pencil Vi such that Vi C \ — 3Kx \ and the base locus of 
the pencil Vi contains the point Oi. 

Proposition 4.3.1. The linear systems V, Vi, V2, V3, V4, and V5 are the only Halphen pencils 
on X . 

Proof. The proof is the same as that of Proposition 14.2.11 □ 

K3-Proposition 4.3.2. A general surface in each of the pencils V, Vi, V2, V3, V4, and V5 is 

birational to a smooth K3 surface. 




Proof. Essentially, the proof is the same as the proof of K3-Proposition [4.1.41 Instead of a conic, 
we however consider a cubic curve on P(l,l,2) or P(l,l,3), which has a rational irreducible 
component. □ 
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Part 5. Fano threefold hypersurfaces with infinitely many Halphen pencils. 



Let X be a general quartic hypersurface in P^. It is smooth and the log pair {X, -A4) is 
canonical (Theorem 3.6 in [6j). 

Proposition 5.1.1. Every Halphen pencil is contained in \ — Kx\- 

Let us prove Proposition [5TTTTJ Suppose that the set CS(X, ^A4) contains a curve Z and does 
not contain any point. Then, we have 

mu\tz{M) = n. 
It follows from Lemma 10.2.31 that deg(Z) < 4. 

Lemma 5.1.2. The curve Z is contained in a two-dimensional linear subspace ofF^. 

Proof. Suppose that the curve Z is not contained in any plane in P^. Then, the degree of the 
curve Z is either 3 or 4. If the degree is 3, then the curve is smooth. If the degree is 4, then the 
curve can be singular but the singularities consist of only one double point. 

Suppose that Z is smooth. Let a : U ^ X he the blow up along the curve Z and F be its 
exceptional divisor. Then, the base locus of the linear system \a* {—deg{Z)Kx) — F\ does not 
contain any curve but 



where Di and D2 are general surfaces of the linear system Mui which is a contradiction. 

Suppose that the curve Z is a quartic curve with a double point P. Let P : W ^ X he the 
composition of the blow up at the point P with the blow up along the proper transform of the 
curve Z. Let G and E be the exceptional divisors of /3 such that P{E) = Z and /3(G) = P. 
Then, the base locus of the linear system |/3*(— 4i^x) — E — 2G\ does not contain any curve but 



where Di and D2 are general surfaces of the linear system Mw^ which is a contradiction. □ 

Lemma 5.1.3. // the curve Z is a line, then the pencil A4 is contained in \ — Kx\- 

Proof. Let tt -.V ^ X he the blow up along the line Z. Then, the linear system | — Ky\ is base- 
point-free and induces an elliptic fibration r/ : y — > P'^. Therefore, My is contained in fibers of 
r/. In particular, the base locus of the pencil My does not contain curves not contracted by the 
morphism rj. 

The set CS(y, ^Mv) is not empty by the Theorem 10.2.41 However, it does not contain any 
point because we assume that the set CS(X, ^M.) does not contain points. Hence, there is an 
irreducible curve L C V such that multL{^Av) = n and r]{L) is a point. 

The pencil Aiy the pull-back of a pencil V on via the morphism rj such that V ~(q Of>2 (n) . 
Hence, the equality multL(A^v') = iT' implies that the multiplicity of the pencil V at the point 
r]{L) is n, which implies that n = 1. □ 

Thus, we may assume that the set CS(X, -M) does not contain lines. Moreover, the pencil 
Ai is contained in | — Kx \ if Z is a plane quartic curve by Theorem lO.2.91 Thus, we may assume 
that Z is either a plane cubic curve or a conic. 

Lemma 5.1.4. If the curve Z is a cubic, then Ai is a pencil in \ — Kx\- 

Proof. Let V be the pencil in | — Kx \ that contains all surfaces passing through the cubic curve 
Z and D be a general surface in V. Then, D is a smooth K3 surface but the base locus of the 
pencil V consists of the curve Z and some line L C X. We have 



5.1. Case 2 = 1, hypersurface of degree 4 in P^. 





M 



D 



nZ + multL(A^)L + B = nZ + nL 
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where ;B is a pencil on D without fixed components. On the other hand, we have = —2 
on the surface D, which implies that multL(Al) = n and B = 0. Hence, we have M. = V hy 
Theorem lOXl □ 

Therefore, we may assume that the curve Z is a conic. Let 11 be the plane in P'^ that contains 
the conic Z. 

Lemma 5.1.5. IfIlnX = Z, then M is a pencil in \ — Kx\- 

Proof. Let a : U ^ X be the blow up along the curve Z and D be a general surface of the 
pencil I — Ku\. Then, is a smooth K3 surface but the base locus of the pencil | — Ku \ consists 
of the irreducible curve L such that a{L) = Z and —Ku\£) = L. Therefore, we have 



= nL, 

D 



Mu 

but = —2 on the surface D. Hence, we have Mu = \ — Ku\ by Theorem 10.2.91 □ 



In the case when the set-theoretic intersection HnX contains a curve different from a conic Z, 
the arguments of the proof of Lemma [5 . 1 . 41 easily imply that Mis a. pencil in | — Kx \ ■ Therefore, 
we may assume that the set CS(X, contains a point P of the quartic X. 

Let Ml and M2 be two general surfaces in 7W. Then, the inequality multp(Mi • M2) > 4n^ 
holds ([6J and [17]). On the other hand, the degree of the cycle Mi ■ M2 is 4n^, which implies 
that multp(Mi • M2) = 4n^. In particular, the support of the cycle Mi • M2 consists of the union 
of all lines passing through the point P, which implies that there are at most finitely many lines 
on the quartic X passing through the point P. Moreover, the equality multp(Al) = 2n holds 
([T], [2], Corollary C.14 in [3j). 

Lemma 5.1.6. For a line L on X passing through P, ^ < multi^(A4) < ^. 

Proof. Let D be a general hyperplane section of X that passes through the line L and M be a 
general surface in A4. Then, D is a smooth K3 surface and 



M 



= multL(A^)L + A, 

D 



where A is an effective divisor such that multp(A) > 2n — mult/,(A^). On the other hand, we 
have = —2 on the surface D. Hence, we have 

n + 2multL(X) = L • A > multp(A) > 2n - multL{M), 

which implies ^ < multj;,(A^). 

Let T be the hyperplane section tangent to the quartic X at the point P. Then, T has isolated 
singularities and the point P is an isolated double point of the surface T because multp(M) = 2n. 
The cycle T ■ D is reduced and consists of the line L and possibly reducible cubic curve Z C D 
that passes through the point P. Thus, we have 

3n = {multL{M)L + A) ■ Z = 3nmltL{M) + A • Z > 3multL(7W) +2n- multL(A^), 

which implies multi(A4) < §. □ 

Therefore, any curve containing the point P cannot belong to the set CS(X, -A4). Let 
TT : V ^ X he the blow up at the point P and E be the exceptional divisor of the blow up 
TT. In addition, let Bi be the proper transform of the divisor Mi by it. Then, the equalities 
multp(Mi ■ M2) = ^n^ and multp(A^) = 2n imply that 



Si-S2 = ^mult£^(5i-52)Li, 



where /c is a number of lines on X that passes through the point P and Li is an irreducible curve 
such that 7r(Lj) is a line on X that passes through the point P . 
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Lemma 5.1.7. Let Z be an irreducible curve on X that is not a line passing through the point 
P. Then, 

deg(Z) > 2multp(Z), 

where the equality holds only if the proper transform Zy does not intersect the curve Li for any 
i. 

Proof. The proper transform Zy is not contained in Bi because the base locus of the pencil My 
consists of the curves Li, - ■ ■ , L^. Hence, we have 

Q<Bi- Zy < n(deg(Z) - 2multp(Z)), 

which concludes the proof. □ 

Note that so far we never use the generality of the quartic X besides its smoothness. In the 
following we assume that there are at most 3 lines on X passing though a given point of X and 
every line on X has normal bundle Opi (—1) © Opi . It follows from the proof of Proposition 1 in 
[T7j that the former condition is satisfied on a general quartic threefold. The latter condition is 
also satisfied on a general quartic threefold by [5]. Moreover, the article [5J shows that the latter 
condition is equivalent to the following: no two-dimensional linear subspace of is tangent to 
the quartic X along a line. In particular, we see that no hyperplane section of X can be singular 
at three points that are contained in a single line. 

Lemma 5.1.8. For a line L in X passing through P, m\AtL{M) = ^. 

Proof. By Lemma 15.1.61 it is enough to show m\AiL{M) > ^. 

Let a -.W ^ X he the blow up along the line L and F be the exceptional divisor of the blow 
up Q. Then, the surface F is the rational ruled surface Fi. 

Let A be the irreducible curve on the surface F such that = — 1 and Z be the fiber of the 
restricted morphism ■k\f : F ^ L over the point P. Then, F\f = —(A + Z), which implies that 



M 



w 



^ = nZ + multL(>l)(A + Z). 



Let f3 : U W he the blow up along the curve Z and G be the exceptional divisor of /3. 
Then, the exceptional divisor of vr is the proper transform of the divisor G on the threefold 
V. Hence, we have 

multz{Mw) = 2n- multL(A^), 
which implies that mnltz{M.w\F) >2n — multL(AI). Therefore, we have 

n + multL(X) >2n- imiltLiM), 
which gives multp(7W) > ^. □ 

Let T be a hyperplane section of X that is singular at the point P. Then, T has only isolated 
singularities. Moreover, we have multp(T • Mj) = 4n, which implies that the point P is an 
isolated double point of the surface T. Put Li = 7r(Zi). 

Lemma 5.1.9. The point P is not an ordinary double point of the surface T. 

Proof. Suppose that the point P is an ordinary double point of the surface T. Let us show that 
this assumption leads us to a contradiction. 

Let Hi be a general hyperplane section of the quartic X that passes through the line Li. 
Then, 

Hi ■ T = Li -\- Zi, 

where Zi is a cubic curve. The cubic curve Zi intersect the line Li at the point P and at some 
smooth point of the surface T because Li does not contain three singular points of the surface 
T. Hence, we have 



Lf — Hi ■ Li — Zi ■ Li < — — . 
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The proper transform Ty has isolated singularities and normal. Moreover, the inequality 
< -i implies that Lf < -1. 

Let M be a general surface in A4. The support of the cycle T ■ M consists of the union of 
all lines on X passing through the point P because multp(T ■ M) = 4n. Thus, the equalities 
multp(T) = 2n and multp(M) = 2n implies that the support of the cycle Ty • My consists of 
the union of the curves Li, • • • , Lfc- Hence, we have 



Ml 



V 



i=i 

but My • Li = —n and Li ■ Lj = for i ^ j. Hence, we have 

k 



-n = My ■ Lj = rriiLi ■ Lj = rrijL'j, 



i=l 



which implies that rrij < n. 

Let H be the proper transform of a general hyperplane section of X on the threefold V. Then, 

k k 
4n = My • Ty • H = rriiLi ■ H = rrii < kn, 

i=l i=l 

which implies that k > 4. Thus, the threefold X has at least five lines that pass through the 
point P, which is a contradiction. □ 



Thus, the point P is not an ordinary double point on the surface T. Therefore, there is a 
hyperplane section Z of the quartic surface T with multp(Z) > 3. Hence, the curve Z is reducible 
by Lemma l5.1.7i Moreover, the curve Z is reduced and multp(Z) = 3 by our assumption of 
generality of the quartic X. 

Lemma 5.1.10. The curve Z is not a union of four lines. 

Proof. Suppose that the curve Z is a union of four lines. Then, one component of Z is a line 
L that does not pass through the point P. Then, L intersects Mj at least three points that are 
contained in the union of the lines Li, • • • , L^. On the other hand, we have Mj ■ L = n, which 
implies that L is contained in Mj by Lemma 15.1.8^ which is impossible because the base locus 
of M is the union of the lines Li, • • • , L^. □ 



The curve Z is not a union of an irreducible cubic curve and a line due to Lemma 15.1.71 
Hence, the curve Z is a union of two diff'erent lines passing through the point P and a conic 
that also passes through the point P, which is impossible by Lemma 15.1.71 Hence, we have 
completed the proof of Proposition 15.1.11 



5.2. Case 2 = 2, hypersurface of degree 5 in P(1, 1, 1, 1, 2). 

The threefold X is a general hypersurface of degree 5 in P(l, 1, 1, 1, 2) with -K^ = i- It has 
only one singular point O at (0:0:0:0:1) which is a quotient singularity of type |(1, 1, 1). 
The hypersurface X can be given by the equation 

w'^fi {x, y, z, t) + wfs {x, y, z, t) + /s (x, y, z, t) = 0, 



where fi is a homogeneous polynomial of degree i. 
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-Li5 to 15 



where 

• "0 is the natural projection, 

• vr is the Kawamata blow up at the point O with weights (1, 1, 1), 

• 7 is the birational morphism that contracts 15 smooth rational curves Li, 
isolated ordinary double points Pi, • • • , P15 of the variety Y' ^ respectively, 

• Oj is the blow up along the curve Lj, 

• /3j is the blow up at the point Pj, 

• is a birational morphism, 

• LJ is a double cover of branched over a sextic surface P C P^, 

• Xi is the projection from the point 

• r\i is an elliptic fibration. 

The surface R is given by the equation 

h (x, y, z,tf - 4/1 (x, y, z, t)h {x, y, z, t) = C P^ = Proj (c[x, y, z, t\ 

It has 15 ordinary double points a;(Pi), • • • ,u;(Pi5) that are given by the equations 

fs{x,y,z,t) = fi[x,y,z,t) = h{x,y,z,t) = C P^. 

We may assume that the curves on P^ defined by /s = /i = and /s = /i = are irreducible. 
For the convenience, let M and M' be general surfaces in the pencil M. 

Lemma 5.2.1. The set CS(X, ^M) does not contain any smooth point of X. 

Proof. Suppose that the set C§(X, -Jvi) contains a smooth point P oi X. Let D be a general 
surface of the linear system | — Kx\ that passes through the point P. The surface D does not 
contain an irreducible component of the cycle M ■ M' if none of it {Li) passes through the point 
P. In particular, in such a case, we see 

5 o 



multp( M • M' ) <M-M'-D = -n^K\ 



-n 



which is impossible by [T7]. Thus, we may assume that the curve vr(Li) passes through the point 
P. 

Let us use the arguments of the article [7j. Put L = vr(Li) and 



M 



D 



C + \mi\iL{M)L, 



where £ is a pencil on the surface D without fixed curves. Then, the point P is a center of log 
canonical singularities of the log pair (D, ^M.\d) by the Shokurov connectedness principle ([6j 
and [21]). It implies that 



multp(^Ai • A2j >An\n- multL( 

by Theorem 3.1 in [6j, where Ai and A2 are general curves in C. The equality 

5 3 
Ai • A2 = -n^ - um\iL{M)n - -um\t\[M) 
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holds on the surface D because = — | on the surface D. Hence, we have 

5 3 / 

-n^ - multL(A^)n - -m.\At\[M) > An\n - multi 

which gives muhL(7W) = n. Thus, the set CS(X, ^M.) contains the curve 7r(Li). 

The set CS(X, ^M) contains the point O by Lemma 10.2.61 Then, Aiwi ~Q —nKw-^ because 
multL(A^) = n, which imphes that each surface of A4wi is contracted to a curve by the elhptic 
fibration r/i o On the other hand, the set CS{Wi, ^Mwi) contains a subvariety of the 
threefold Wi that dominates the point P. 

Let El be the exceptional divisor of ai. Then, Ei = x and the pencil A^w'iIei does 
not have fixed components because Ei is a section of the elliptic fibration rji o oji and the base 
locus of the pencil Mwi does not contain curves not contracted by the elliptic fibration rjiowi. 
Thus, the set C§{Wi, ^A4wi) contains a point Q of the surface Ei such that tt o ai{Q) = P. 

The point Q is a center of log canonical singularities of the log pair {Ei, ^MwiIei) by the 
Shokurov connectedness principle ([6] and [2I])- Let Ai and A2 be general curves in M.Wi\ei- 
Then, the inequality 



holds by Theorem 3.1 in [6], which is a contradiction. □ 

Lemma 5.2.2. // the set CS{X, ^M) contains a curve A not passing through the singular point 
O, then the pencil A4 is contained in \ — Kx\- 

Proof. We have m\Ai\{M) = n and -Kx • A < 2 by Corollarv rO.3.41 

Suppose that —Kx ■ A = 2 and ip{A) is a line. Then, the line ip{A) passes through a unique 
singular point of R. Hence, we may assume that the curve A intersects n{Li) only for i = 1. 

Let "D be the pencil in the linear system [ — Kx \ consisting of surfaces that pass through the 
curve A and D be a general surface of the pencil V. Then, the surface D is smooth in the outside 
of the singular point O, the point O is an ordinary double point of the surface D, and the base 
locus of the pencil V consists of the curve A and the curve 7r(Li). Put L = 7r(Li). Then, 



M 



^ = multA{M)A + m.ultL{M)L + C = n(A + L), 



where Cisa pencil with no fixed curves. It gives Ai = Vhy Theorem l0.2.9l because the inequality 
< holds on the surface D. 

We may assume that either the equality —Kx • A = 1 holds or ip{A) is a conic, which implies 
that A is smooth. Let a : X ^ X he the blow up along the curve A and G be its exceptional 
divisor. 

Suppose that —Kx • A = 2. Then, A is cut, in the set-theoretic sense, by the surfaces of 
the linear system | — 2Kx\ that pass through the curve A. Moreover, the scheme-theoretic 
intersection of two general surfaces of the linear system | — 2Kx \ passing through the curve A is 
reduced at a generic point of the curve A, which implies that the divisor a*{—2Kx) — G is nef 
by Lemma 5.2.5 in [7]. However, we obtain an absurd inequality 

-3n2 = (a*{-2Kx) -G)-M^- M'^ > 0. 



Therefore, the equality —Kx • A = 1 holds, which implies that | — Kj^\ is a pencil. 

Suppose that ip{A) is not contained in the plane fi{x,y,z,t) = 0. Then, ip{A) contains a 
unique singular point of the surface R CF^. Hence, we may assume that the curve A intersects 
7r(Lj) only for i = 1. It implies that the base locus of the linear system | — Kj^ \ consists of the 
irreducible curves A and Li such that (ipoa){A) = ip{A) and cr{Li) = 7r(Li). Let D he a general 
surface in | — Kj^\. Then, we can consider the curves A and Li as divisors on D. We have 



A2 = -2, i? = -| A -11 = 1, 
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which imphes the negative-definiteness of the intersection form of A and Li. Because 



it follows from Theorem 10.2.91 that Alj^ = | — -f^j^l- 

Finally, we suppose that the line V'C^) is contained in the plane fi{x, y, z, t) = 0. In particular, 
the line is not contained in the surface R because the curve /s = /i = is irreducible. 

Moreover, the line ip{i^) contains exactly three singular points of the ramification surfac^^; 
otherwise the point O would belong to the curve A. Thus, the curve A intersects exactly three 
curves among the curves Li, • • • ,-^15; otherwise A would contain the point O. 

We may assume that A intersects the curves 7r(Li), vr(L2), and vr(L3), which means that the 
points w(-Pi), 1^(^2)5 "^(-Ps) are contained in The base locus of | —Kj^ \ consists of the curves 

Li, Z/2, L3 such that cr(Lj) = vr(Li). The curves Li, L2, can be contracted on the surface 
£) to a singular point of type B4, which implies that their intersection form is negative-definite. 
Hence, we have M.-^ = \ — Kj^ \ by Theorem 10.2.91 . □ 

The equivalence Ady ~(Q —nKy holds by Lemma lO. 2. 61 It implies that the set CS(y, ^Aiy) 
contains no point of Y due to Lemmas 10.2.71 and I5.2.1[ Let A4yi be the push-forward of the 
pencil A4y by the birational morphism 7. Then, My/ '-^q —nKy/, the log pair (y', -My) has 
canonical singularities but it follows from Theorem 10.2.41 that the singularities of the log pair 
(y, ^-My) are not terminal. 

Lemma 5.2.3. // the set CS{Y', ^Aiy) contains an irreducible curve T with —Ky - T ^ 1, 
then the pencil A4 is contained in \ — Kx \ ■ 



Proof. Let be a general divisor in j —Kyi\. In addition, let My = 7(My) and My, = 7(My). 
Then, 



because multr(A^y') = n. Therefore, the inequality —Kyi • T < 2 holds. 

Suppose that —Kyi • T = 2 but the curve uj{r) is a line. Let T be the linear subsystem 
of the linear system | — Kyi\ consisting of surfaces passing through the curve T and T be a 
general surface in the pencil T. Then, the base locus of the pencil T consists of the curve F 
and the rational map induced by the pencil T is the composition of the double cover u; with the 
projection from the line ooiT). On the other hand, we have 



which implies that the support of the cycle T ■ Myi is contained in F. Thus, we have Myi = T 
by Theorem [0231 

For now, we suppose that —Kyi • F = 2 but the curve u;(F) is a conic. Then, F is smooth 
and u;|r is an isomorphism. Moreover, the curve F contains at most 2 singular points of the 
threefold Y' if the curve uj(T) is not contained in the plane fi{x,y, z,t) = 0, and the curve F 
contains at most 6 singular points of the threefold Y' otherwise. We may assume that F passes 
through -Pi, • • • ,Pk, where < < 6. The equality k = means that F lies in the smooth locus 
of the threefold Y'. 

Let P : V ^ Y' he the blow up at the points Pi, • • • , Pk, and Ei be the exceptional divisor of 
the blow up P with f3{Ei) = Pi. The exceptional divisor Ei is isomorphic to x P^. The proper 
transform Fy intersects the surface Ei transversally at a single point, which we denote by Qi. 

Let V : W —f V he the blow up along the curve Fy and G be the exceptional divisor of the 
birational morphism v. In addition, let Ai and Bi he the fibers of the natural projections of 
the surface Ei that pass through the point Qi, and Ai and Bi be the proper transforms of the 
curves Ai and Bi on the threefold W, respectively. Then, we can flop the curves Ai and Bi. 



In fact, we may assume that no three points of the set Sing(_R) are collinear. 



2n^ = D- My I ■ Myi > multr (My/ • My, )D-T > -n^Kyi ■ V 




2n = D -T ■ Myi > multr T • My/ ]D -T > -uKyi ■ F 
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Let vi : U ^ W he the blow up along the curves Ai,Bi, - ■ ■ , A^, B}^. Also, let Fi and be 
the exceptional divisors of vi such that vi{Fi) = Ai and vi{Hi) = Bi. Then, all the exceptional 
divisors are isomorphic to x P^. There is a birational morphism v'^ : U W such that v'i{Fi) 
and v[{Hi) are rational curves but v[ ov^^ is not biregular in a neighborhood of Ai and Bi. Let 

be the proper transform of Ei on the threefold W. Then, we can contract the surface E'^ to 
a singular point of type ^(1, 1, 1). 

Let v' : W' — > V be the contraction of E[, - ■ ■ ,E'^ and G' be the proper transform of the 
surface G on the threefold V' . Then, there is a birational morphism (3' :V' ^ Y' that contracts 
the divisor G' to the curve T. Hence, we constructed the commutative diagram 



Dl 




/3' 




Y' 

The threefold V is projective. Its singularities consist of 15 — /c ordinary double points and k 
singular points of type ^(1, 1, 1). However, it is not Q-factorial because the threefold Y' is not 
Q-factorial. 

The construction of the birational morphism f3' implies that 

M.V' —n[3'*{KY') — riG' ~q —nKv- 

Let D' be a general surface of the linear system 4i^y/) — G'\. Then, the divisor D' is nef 

by Lemma 5.2.5 in [7]. The construction of the birational morphism /?' implies that 

2 



> 



- 4 + ^)n2 = (^(3'* (-AKy,) - G') • (^(3'* {-nKy) - nG'Y = D' ■ My ■ M'y, > 0, 



□ 

contains a curve T with —Kz • T = 1, then the pencil 



where My and My, are the proper transforms of My and My, by the birational morphism /?' 
We have obtained a contradiction. 

Lemma 5.2.4. // the set C8{Y', };My') 
Ai is contained in | — Kx \ ■ 

Proof. The curve uj{T) is a line in P^. The restricted morphism u;|r : T — > w(r) is an isomor- 
phism. The curve T contains at most one singular point of Y' if w(r) is not contained in the 
plane y, z, t) = 0, and the curve io{T) contains at most three singular points of the threefold 
Y' otherwise. We may assume that T contains Pi, - ■ ■ ,Pk, where < k < 3. Here, the equality 
k = means that T lies in the smooth locus of the threefold Y' . 

Suppose that the line ti;(r) is not contained in R. Let D he a general surface in | — Kyi that 
passes through the curve F. Then, 



M 



Y' 



D 



multr {My)T + multn {My) Q + C, 



where >C is a pencil without fixed curves and 17 is a smooth rational curve different from T such 
that uj{^}) = uj(T). Moreover, the surface D is smooth in the outside the points Pi, • • • ,Pk but 
the points Pi, • • • , Pk are isolated ordinary double points of the surface D. We have - 
on the surface D and 



2 + f 



(n - multn{My)^n'^ = (umltriMy) -n}jT -^1 + L-Q 



L-n>o, 

-- n holds, which easily 



where L is a general curve in C Therefore, the equality multn(A^y/) 
implies that A4y is a pencil in [ — Ky\ due to Theorem 10.2.91 

Finally, we suppose that ti;(F) is contained in the ramification surface of iv. It implies that 
a;(F) is not contained in the plane fi{x,y,z,y) = 0. The proof of Lemma [5.2.31 shows the 
existence of a birational morphism v' : W — > V that contracts a single irreducible divisor G' to 
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the curve T, the surface G' contains k singular points of the threefold V of type ^(1, 1, 1), and 
v' is the blow up of F at a generic point of F. 

Let D' be a general surface in | — Kv'\- Then, uj o (3'{D') is a plane that passes through w(F). 
It implies that the base locus of the pencil | — Kyi \ consists of an irreducible curve F' such that 
/3'(F0 = F and 

D' -V = -Kl, = -2 + ^. 

Then, one can easily see that Aiyi = \ — Kyi\ by Theorem 10.2.91 Hence, the linear system A4 
is a pencil in | — Kx\- D 

Proposition 5.2.5. Every Halphen pencil is contained in \ — Kx\- 

Proof. Let Mjj- be the push-forward of the pencil by the morphism Wi. Due to the previous 
arguments, we may assume that 

Pi eCS (y',^My') c {Pi,-- - ,Pi5}, 

which implies that Mjji ~iQ) —nKu^ by Theorem 3.10 in [6J. Therefore, each member in the 
pencil Mui is contracted to a curve by the elliptic fibration r/i. Therefore, the base locus of 
the pencil Miji does not contain curves that are not contracted by rji. On the other hand, the 
singularities of the log pair (C/i, ^Mjj^) are not terminal by Theorem 10.2.41 

The proof of Lemma |5 . 2.11 implies that the set C§(C/i, ^Mux) does not contain a smooth point 
of the exceptional divisor of [3i. Therefore, the set CS(C/i, -Mui) contains a singular point of 
the threefold f/i, which implies that 

{Pl,Pi} CCS(y',^A^y,) C {Pi,... ,Pi5}, 

for some i ^ \. Thus, each member in the pencil is contracted to a curve by the elliptic 
fibration r/j, which implies that M. \s a. pencil in | — Kx\- D 

5.3. Case 3 = 3, hypersurface of degree 6 in P(1, 1, 1, 1, 3). 

Let X be a general hypersurface of degree 6 in P(l, 1, 1, 1, 3) with -K\ = 2. It is smooth. It 
cannot be birationally transformed into an elliptic fibration ([!]). 

Proposition 5.3.1. Every Halphen pencil is contained in \ — Kx\- 

Proof. It follows from Lemma 10.3.31 that the set CS(X, ^M) does not contain any point of X. 
Hence, it must contain a curve Z. Then, the inequality 

multz(A4) > n 

holds. 

For general surfaces Mi and M2 in M and a general surface D in j — Kx \ , we have 

2n^ = Mi-M2-D> mult|(7W)(-Kx • Z) > n^ 

which implies that there are different surfaces Di and D2 in the linear system | — Kx \ such that 
the intersection Di f] D2 contains the curve Z. 

Let V be the pencil in | — Kx \ consisting of surfaces passing through the curve Z. 

Suppose that —Kx ■ Z = 2. For a general surface D' in the pencil V, the inequality 

2n = Mi-D' ■D>2n 

implies that Supp(Mi) n Supp(-D') C Supp(Z). It follows from Theorem 10.2.91 that the linear 
system M is the pencil in | — Kx\ consisting of surfaces that pass through Z. 

Now, we suppose that —Kx ■ Z = 1. The generality of X implies that the general surface D 
in I — Kx I is smooth and that the intersection Di n D2 consists of the curve Z and an irreducible 
curve Z' such that Z ^ Z' . Hence, we have Z"^ = —2 on the surface D and A4\d = nZ + nZ'. 
Therefore, the inequality mult2(A^) > n implies the identity = 7-" by Theorem 10. 2. 9[ □ 
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5.4. Case H = 4, hypersurface of degree 6 in P(1, 1, 1, 2, 2). 

The weighted hypersurface X is defined by a general quasihomogeneous polynomial of degree 
6 in P(l, 1, 1, 2, 2) with —K\ = |. The singularities of the hypersurface X consist of points Pi, 
P2, Pi that are quotient singularities of types ^(1, 1, 1). The hypersurface X can be given by 
the equation 

w'^t+ +tf2{x,y,z) + f4{x,y,z)^w + Mx,y,z,t) = 

such that Pi is given by the equations x = y = z = t = 0, where /j is a general quasihomogeneous 
polynomial of degree i. 

There is a commutative diagram 




P(l,l,l,2) -p2, 

where 

• ip is the natural projection, 

• TT is the composition of the Kawamata blow ups at the points Pi, P2, and P3, 

• ry is an elliptic fibration 

• a is the Kawamata blow up of the point Pi, 

• ^ and X the natural projections, 

• /? is a birational morphism, 

• a; is a double cover ramified along an octic surface R C P(l, 1, 1, 2). 
The surface R is given by the equation 

(t^ + tf2{x, y, z) + /4(x, y, z)) ' - Uh{x, y,z,t) =0C P(l, 1, 1, 2) ^ Proj(C[x, y, z, t]) , 

which implies that the surface R has exactly 24 isolated ordinary double points given by the 
equations 

t = t^ + tf2{x, y, z) + /4(x, y, z) = fe{x, y, z, t) = 0. 
The birational morphism /3 contracts 24 smooth rational curves Ci , • • • , C24 to isolated ordinary 
double points of the variety W that dominate the singular points of R. 

It easily follows from Theorems 10.2.41 10.3.61 Lemmas 10.2.31 10.2.71 and 10.3.31 that either the 
set CS(X, ^M) contains an irreducible curve passing through a singular point of X or the set 
C§(X, ^M) consists of a single singular point of X. In particular, we may assume that the set 
C§(X, ^M) contains the point Pi. 

Proposition 5.4.1. Every Halphen pencil on X is contained in \ — Kx\- 

Proof. Suppose that the set C§(X, ^M) contains an irreducible curve Z that passes through 
Pi. Then, it follows from Theorem 10.3.61 that the linear system is a pencil in | — Kx\ in 
the case when —Kx ■ Z = ^. Therefore, we may assume that the curve Z is contracted by the 
rational map ^Z" to a point. Also, we may assume that either —Kx ■ Z = ^ or —Kx ■ Z = 1. 

Let B be the pencil in | — Kx\ consisting of surfaces passing through Z. In addition, let B 
and B' be general surfaces in B. Then, the cycle B ■ B' \s reduced and contains the curve Z . 
Put Z = B ■ B' and let Zw be the image of the curve Zjj by the birational morphism /3. Then, 
(jj{Z\y) is a ruling of the cone P(l, 1, 1,2). In particular, the curve ui{Z]y) contains at most one 
singular point of the surface R. 

There are exactly 24 rulings of the cone P(l, 1, 1, 2) that pass through the singular points of 
the surface R. Thus, we may assume that the curve Zw is irreducible in the case when the curve 
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u}{Z\y) passes through a singular point of the surface R. Moreover, the surface B]y that is the 
image of the surface Bjj by /? has an isolated ordinary double point at the point f3{Ci) in the 
case when iv o /3(Cj) G uj{Z\y). Therefore, the cycle Z consists of two irreducible components. 

Let Z be the irreducible component of Z that is different from Z. Then, the generality of the 
hypersurface X implies that Z^ < on the surface B, but M\b = nZ + nZ. On the other hand, 
we have 



M 



= rriiZ + m2Z + F, 

B 



where and mi and m2 are natural numbers and F is an effective divisor on B whose support 
contains neither the curve Z nor the curve Z. We have 

mi > mult^(A^) > n 

and 

(n — m2)Z = F + {mi — n)Z, 

They imply that m2 = mi = n and the support of the cycle M ■ B \s contained in Z [J Z. 
Therefore, the identity ^A = B follows from Theorem 10.2.91 

For now, we suppose that the set C§(X, ^M) consists of the point Pi. It follows from 
Lemma [0.2.61 that M.u ~q —nKu- Therefore, the set CS(J7, ^A^;/) is not empty by Theo- 
rem WTM Let E be the exceptional divisor of a. Then, S ^ ^j^g CS(C/, }^Mu) 
contains a line L on the surface E by Lemma l0.2.7[ 

Let Z be the curve S\j fl E. Then, Z does not contain the curve L, the surface Sjj contains 
every curve Cj, and the curve Z is a smooth plane quartic curve. The hypersurface X is general 
by assumption. In particular, the surface Sjj is smooth along the curve Cj, the morphism P\sjj 
contracts the curve Cj to a smooth point of the surface 5^ which is the image of 5^ by /?. 
Moreover, we may assume that the intersection LnZ contains at least one point of the curve Z 
that is not contained in U^^^^Cj. Indeed, it is enough to assume that the set uf^^{Ci n Z) does 
not contain bi-tangent points of the plane quartic curve Z. 

Let M' be a general surface in Ai and be a general surface in | — 2Kij\. Then, 

2n^ = D ■ Mu ■ M[j > 2multL(Mc/ • M[j) > 2multL(M;7)multL(M^) > 2n^ 

which implies that the support of the cycle Mu ■ M'jj is contained in the union of the curve L 
and uf^^Ci. Hence, we have 

24 

Mu 



V + y^^miCi, 



where rrij is a natural number and P is a pencil without fixed components. Let P be a point of 
LnZ that is not contained in ufl^Cj. For general curves Di and D2 in D, 

24 

~ H = Di- D2> multp(P)i)multp(P'2) > n^, 
1=1 

which implies that mi = m2 = ■ ■ ■ = 77124 = 0. Therefore, we have Mu • M^ = n'^L, which is 
impossible because the suppose of the cycle M ■ M' must contain a curve on X. □ 

5.5. Case 2 = 5, hypersurface of degree 7 in P(1,1,1,2,3). 

The threefold X is a general hypersurface of degree 7 in P(l, 1, 1, 2, 3) with -K^ = |. The 
singularities of the hypersurface X consist of two points P and Q that the are quotient singu- 
larities of types ^(1, 1, 1) and 1, 2), respectively. The hypersurface X can be given by the 
equation 

w^z + /4(x, y, z, t)w + /7(x, y, z, t) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Hence, the point P is given by the 
equations x = y = z = 'w = and the point Q is given by the equations x = y = z = t = 0. 
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There is a commutative diagram 




P(l, 1, 1, 2) - - p2, V 

where 

• '0 is the natural projection, 

• a is the Kawamata blow up at the point Q with weights (1, 1, 2), 

• /? is the Kawamata blow up with weights (1,1,1) at the point of W whose image to X 
is the point P, 

• 7 is the Kawamata blow up with weights (1, 1, 1) at the singular point of [/ whose image 
to X is the point Q, 

• ?7 is an elliptic fibration, 

• vr is a birational morphism, 

• X ^-iid C 'ire the natural projections, 

• w is a double cover of P(l, 1, 1, 2) ramified along an octic surface R. 

The generality of X implies that the birational morphism vr contracts 14 smooth irreducible 
rational curves Ci, ■ • • , C14 into 14 isolated ordinary double points A, ■ • • , i-14 of the variety y, 
respectively. The double cover lo is branched over the octic surface i? C P(l, 1, 1, 2) that is given 
by the equation 

/4(x,y,z,t)2 -4z/7(x,y,z,t) = CP(1,1,1,2) ^Proj(C[x,y,z,t]), 

which has 14 isolated ordinary double points a'(Pi), • • • ,u;(Pi4). 
Now let us prove the following result, which is due to [18j. 

Proposition 5.5.1. Every Halphen pencil is contained in \ — Kx\- 

Proof. It follows from Theorem 10.3.61 and the generality of X that the linear system A1 is a 
pencil in | — Kx\ if the set C§(X, ^M) contain a curve (the proof of Proposition 15.4. ll) . Hence, 
we may assume that the set C§(X, y^M) consists of singular points of X by Lemma 10.3.31 

It easily follows from Theorem [0231 Lemmas [OXl and [OXTl that C§(X, ^M) / {P}. 

Suppose that CS{X,^^M) = {P,Q}. Let E be the exceptional divisor of a. Then, the 
surface E is a quadric cone. It follows from Theorem 10.2.41 Lemmas I0.2.3| [0.2.61 and 10.2.71 that 
Mu ~Q —nKjj and the set C§(C/, ^M.u) contains a ruling L of the cone Ejj. Hence, it follows 
from Theorem 10.2.91 and the proof of Lemma 10.2.31 implv that A^[/ is the pencil consisting of 
surfaces in | — Ku\ that contain the curve L because —Kjj ■ L = ^ and —K^ = ^. 

Now, we suppose that C§(X, ^M) = {Q}. Let O be the singular point of the variety W 
whose image to X is the point Q and P be the singular point of W whose image to X is the 
point P. It follows from Theorem[0231 Lemmas [0X3l [0231 and[0X7|that My ~Q -nKy and 
that the set C§(y, ^My) contains an irreducible curve Z such that Z is the image of a ruling 
of the cone E. Hence, the equality —Ky ■ Z = ^ holds and x ° ^{^) is a point. 

The variety P(l, 1, 1, 2) is a cone over the Veronese surface. Hence, the curve uj{Z) is a ruling 
of the cone P(l, 1, 1, 2) and the point (w o 7r)(P) = (w o 7r)(0) is the vertex of P(l, 1, 1, 2). The 
generality of the hypersurface X implies the existence of the irreducible curve Z on the variety 
Y such that Z Z, uj{Z) = uj{Z), and tt{P) G Z. 

Let D be a general surface in | — Ky\ that contains Z. Then, the inequality Z^ < holds on 
D, but A4y\D = nZ + nZ. Now the proof of Proposition 15.4.1] implies that My is the pencil 
consisting of surfaces in | — Ky\ that contain the curve Z. □ 
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5.6. Case 2 = 6, hypersurface of degree 8 in P(1, 1, 1,2,4). 

The threefold X is a general hypersurface of degree 8 in P(l,l,l,2,4) with —K'^ = 1. Its 
singularities consist of points P and Q that are quotient singularities of type ^(1, 1, 1). 
We have a commutative diagram 



U 




X ---^P2, 

where 

• ip \s the natural projection, 

• TT is the composition of the Kawamata blow ups at the singular points P and Q, 

• is an elliptic fibration. 

Proposition 5.6.1. Every Halphen pencil is contained in \ — Kx\- 

Proof. The log pair (X, ^M) has terminal singularities at a smooth point of the hypersurface X 
by Lemma |0.3.3[ Moreover, it easily follows from Theorem IU.2.41 Lemmas IU.2.31 and IU.2.71 that 
the set CS(X, ^A^) contains an irreducible curve Z. Then, it follows from Theorem 10.3.61 that 
the curve Z is a fiber of the projection ^, which easily implies that the linear system 7W is a 
pencil in the linear system | — Kx \ by Theorem 10.2.91 in the case when the equality —Kx ■ Z = 1 
holds. 

To conclude the proof, we assume that —Kx ■ Z = ^. Let D be a general surface in | — Kx\ 
that contains Z. Then, the surface D is smooth in the outside of the points P and Q which are 
isolated ordinary double points on D. Let F be a fiber of the rational map ip over the point 
ip{Z). Then, F consists of two irreducible components. Let Z be the component of F different 
from Z. Then, the generality of X implies that < and the proof of Proposition 15. 4.1] implies 
that the pencil M. consists of surfaces in | — Kx \ that contain the curve Z. □ 

5.7. Case 3 = 8, hypersurface of degree 9 in P(1, 1, 1,3,4). 

The threefold X is a general hypersurface of degree 9 in P(l, 1, 1, 3, 4) with -K\ = \. The 
singularities of the hypersurface X consist of the singular point O that is a quotient singularity 
of type |(1, 1, 3). The hypersurface X can be given by the equation 

w^z+ (^f2{x,y,z)t + f5{x,y,z)^w + fQ{x,y,z,t) = 0, 

where fi is a quasihomogeneous polynomial of degree i. Thus, the point O is given by the 
equations x = y = z = t = 0. Furthermore, we may assume that the polynomials f2ix, y, 0) and 
/5(x, y, 0) are co-prime. 

There is a commutative diagram 




where 

• ^, V' and X are the natural projections, 

• a is the Kawamata blow up at the point O with weights (1, 1,3), 
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• /? is the Kawamata blow up at the singular point of the variety W that is a quotient 
singularity of type 1, 2), 

• 7 is the Kawamata blow up at the singular point of the variety U that is a quotient 
singularity of type ^(1, 1, 1), 

• ?7 is an elliptic fibration, 

• fj is a birational morphism that contracts 15 smooth rational curves to 15 isolated ordi- 
nary double points Pi, - " > Pi5 of the variety Y, 

• u; is a double cover of P(l, 1, 1, 3) branched over a surface R of degree 10. 
The surface R is given by the equation 

(/2 {x, y,z)t + h y.zif - 4^/9 [x, y,z,t)=f)(Z P(l, 1, 1, 3) ^ Proj (c[x, y, z, t]) . 

It has 15 ordinary double points given by z = t/2 + /s = /g = 0. Let Pi, • • • , P15 be the points 
of Y whose image via the double cover oj are the 15 ordinary double points of the surface R. 

Let E be the exceptional divisor of a and F be the exceptional divisor of (3. In addition, let 
P be the singular point of W and Q be the singular point of U . Then, the surface lv o a{E) is 
given by the equation z = and P(l, 1, 1, 3) is a cone whose vertex is the point u o a{P). The 
generality of the polynomials /s and /2 implies that the surface R does not contain the rulings 
of P(l, 1, 1, 3) that are contained in the surface to o a{E). 

It follows from Lemma 10.3.31 that the set CS(X, -M.) does not contain smooth points of the 
hypersurface X. Therefore, by Theorem 10.3.61 and Lemma 10.2.61 it must contain the point O. 

Lemma 5.7.1. If the set CS(X, contains a curve, then Ai is a pencil in \ — Kx\- 

Proof. Let L be a curve in CS(X, ^Al). Then, it follows from Theorem 10.3.61 that there are 
two different surfaces D and D' in | — Kx\ such that L is a component of the cycle D-D'. 
Moreover, the generality of X implies that the cycle D - D' is reduced and contains at most two 
components. 

Let V be the pencil in | — Kx\ generated by surfaces D and D'. From Theorem 10. 2. 91 and the 
proof of Lemma 10.2.31 we obtain A4 = V if —Kx - L = j. Hence, we may assume that either 
—Kx - L = ^ OT —Kx - L = ^. Thus, the cycle D - D' contains a component L' such that 

-Kx -L' = ^ + Kx-L 

and L' ^ L. We consider only the case when —Kx - L = ^ because the case —Kx - L = is 
simpler and similar. 

The proper transform S^r contains the curve Lw because 

5 1 
Sw a*{-Kx) - ^E, E - Lw > -■ 

Thus, either the curve L\y is contracted by a or the curve w(Ly) is a ruling of the cone P(l, 1,1,3) 
contained in the surface oj o a{E), where Ly is the image of Ly\r by a. 

Suppose that the curve L\y is not contracted by cr. Then, the curve uj{Ly) is not contained 
in the surface R, which implies that a;(Ly) contains at most one singular point of the surface 
R different from the point to o a[P). Moreover, the curve uj{Ly) must contain a singular point 
of R different from uo o a{P) because —Kx - L = j otherwise. Thus, we may assume that the 
curve uj{Ly) contains the point uj{Pi). 

Let Dy = a{Dw) and D'y = a{D'^r). Then, the point Pi is an isolated ordinary double point 
of the surface Dy. Thus, wee see that the curve L'^r is contracted to the point Pi by a and 

Dy ■ D'y = Ly + Ly, 

where Ly is a ruling of = P(l, 1, 3). In particular, we have —Kx - L' = \, which contradicts 
the equality —Kx - L = ^. Hence, the curve L\y is contracted by a, which implies that the 
curve L'^ is not contracted by a and the curve uj{L'y) is a ruling of the cone P(l, 1, 1, 3) that is 
contained in the surface u!oa{E), where L'y is the image of the curve L'^ by a. The curve lu{L'y) 
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is not contained in the surface R. It implies that uj{Ly) contains at most one singular point of 
the surface R different from the point uj o a{P). The curve uj{Ly) must contain a singular point 
of R different from uj o a{P) because —Kx ■ L' ^ j. Thus, we may assume that the curve u>{L'y) 
contains the point w(-Pi). 

The point Pi is an isolated ordinary double point of the surface Dy and the curve L\y is 
contracted to the point Pi by a. Hence, we have 

Dy-D'y = L'y + L'y, 

where L'y is a ruling of E = P(l, 1, 3). Therefore, the intersection Lw fi L'yy consists of a point 
O' such that O' E, and hence the intersection LnL' contains the point a{0') that is different 
from O. 

The surface D is normal and it is smooth at the point a(O'). On the other hand, the equality 
(L + L') ■ L' = ^ holds on the surface D, which implies that the inequality L' ■ L' < holds on 
the surface D. Therefore, we have 



M 



= miL + nioL' + C = nL + riL' , 

D 



where £ is a pencil on D that does not have fixed components, and mi and m2 are natural 
numbers such that rrii > n. In particular, we have 

< (mi - n)L' -L + C-L' = {n- m2)L' ■ L', 

which implies that m2 = mi = n and M\d = nL + nL' because L' ■ L' < 0. It follows from 
Theorem lOM] that M=V. □ 

Therefore, we may assume that the set C§(X, consists of the singular point O, which 

implies that the set C§(VF, ^-M-w) contains the point P by Theorem 10.2.41 and Lemma 10.2.71 

Lemma 5.7.2. // the set 'CB{W, j^Mw) consists of the point P, then M is a pencil in \ — Kx\- 

Proof. Our assumption implies that the set CS(C/, }iM.u) contains the point Q by Theorem lO.2.41 
and Lemma [0. 2. 7^ and hence the set CS(y, j^AAy) is not empty by Theorem 10.2.41 However, the 
set CS(y, \M.v) does not contain any subvariety of the exceptional divisor of 7 by Lemmas lO.2.31 
and 10.2.71 Thus, the set CS(C/ ^Mu) contains an element different from the point Q. 

The surface -F is a quadric cone and it follows from Lemma 10.2.71 that the set CS(C/, -AAjj) 
contains a ruling L of the cone F. Let B be the linear system consisting of surfaces in | — Ki}\ 
that contain the curve L. Then, B \s a, pencil because the curve L is contracted by the map 
T] o to a point. 

Let D he a, general surface in | — rKij\ for r ^ and Mjj and B be general surfaces m. M\y 

and B, respectively. Then, 

vn vn 
— = D-Mu -By multL(M[/ • B){D ■ L) > multL{Mu)multL{B){D ■L)>—, 

which implies that the support of the effective cycle Mu ■ B consists of the curve L and a cycle 
Z such that D ■ Z = 0. On the other hand, the divisor —Ku is big and big. Hence, it follows 
from Theorem 10.2.91 that A4u = B, which implies that 7W is a pencil in | — Kx\- D 

Proposition 5.7.3. Every Halphen pencil is contained in \ — Kx\ 

Proof. Due to the previous arguments, we may assume that the set CS(W, ^Aiw) contains a 
subvariety Z different from the point P. Then, Z is contained in the surface E that is a cone 
over the smooth rational curve of degree 3. Moreover, it follows from Lemma 10.2.71 that Z is a 
ruling of E. Put Z = a{Z). Then, Z G CS(y, ^My) and -Ky -Z = \. 

The curve u){Z) is a ruling of the cone P(l, 1, 1,3). Let B be the linear system consisting of 
surfaces in | — Ky\ that contain the curve Z. Then, ;B is a pencil whose base locus consists of 
the curve Z and an irreducible smooth rational curve L on the variety Y such that L is different 
from the curve Z and uj{L) = io{Z). 
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Let -B be a general surface in B. Then, B is smooth in the outside of the points 

a(P)U ({Pi,-- - ,Pi5}n(ZUL)), 

and every singular point of B different from cr{P) is an isolated ordinary double point. 

The generality of X implies that the curve io{L) does not contain more than one singular 
point of R different from the point lv o a{P). Thus, arguing as in the proof of Lemma 15.7.11 we 
see that the inequality < holds on the surface B if the intersection L n Z contains a point 
different from cr{P). On the other hand, the curve lo{L) does not contain singular points of R 
different from the point uj o a{P) if L (1 Z = {a{P)}. Thus, the inequality < holds on the 
surface B as well if the intersection L Z consists of the point (t{P) because the curve L is an 
image of the curve Z via the biregular involution of the surface B and the curve Z is contracted 
on the surface B. 

The equivalence MyIb ^ nZ + nL holds on the surface B, which implies that the support of 
the cycle My ■ B is the union of the curves Z and L because mult^(A4y) > n. Hence, it follows 
from Theorem 10.2.91 that Aiy = i3- Thus, the linear system is a pencil in | — Kx\- We have 
completed the proof. □ 

5.8. Case 2 = 10, hypersurface of degree 10 in P(1,1,1,3, 5). 

The threefold X is a general hypersurface of degree 10 in P(l, 1, 1, 3, 5) with -K^ = |. The 
singularities of the hypersurface X consist of one point O that is a quotient singularity of type 
i(l,l,2). 

The hypersurface X can be given by the equation 

w"^ = t^z + t^fi{x,y,z) +tfj{x,y,z) + fio{x,y,z), 

where fi is a general quasihomogeneous polynomial of degree i. In particular, we may assume 
that the polynomials /4(x,y, 0) and /7(x,y,0) are co-prime and the polynomial fj(x,y,0) — 
f4{x,y,0)fio{x,y,0) is reduced, i.e., it has 14 distinct linear factors. 
There is a commutative diagram 




where 

• ^, ^p, and x the natural projections, 

• a is the Kawamata blow up at the point O with weights (1, 1, 2), 

• (3 is the Kawamata blow up at the singular point of the variety W, 

• ?7 is an elliptic fibration. 

Lemma 5.8.1. // the set CS{X, ^M) contains a curve, then M. is a pencil in \ — Kx\- 

Proof. Let L be a curve on X that is contained in <CE>{X,\M). Then, -Kx • L < | by 
Lemma fO.2.31 Moreover, the proof of Lemma [0.2.3l together with Theorem 10 . 2.91 and Lemma fO.3.61 
implies that is a pencil in | — Kx\ in the case when —Kx • L = |. Hence, we may assume 
that —Kx ■ L = ^, which implies that the curve L is contracted by the rational map -0 to a 
point. 

The variety P(l, 1, 1, 3) is a cone whose vertex is the point (,{0). The curve (,{L) is a ruling 
of the cone P(l, 1, 1, 3). The generality of the hypersurface X implies that £,{L) is not contained 
in the ramification divisor of ^. Thus, there is an irreducible curve L on the variety X such that 
L is different from L but ^(L) = ^(Z). 
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Because —K^^-Lyy = 0, the curve L is one of 28 curves that are cut out on X by the equations 
z = fj{x,y,z) — Afi{x,y,z)fio{x,y,z) = 0. Therefore, the generahty of the hypersurface X 
imphes that the intersection LD L consists of the point O and another distinct point P. 

Let B be the pencil consisting of surfaces in | — Kx\ that contain both L and L and i3 be a 
general surface in B. Then, B is smooth at the point P. Thus, the equality {L + L) ■ L = ^ 
holds on the surface which implies that < 0. On the other hand, we have 



M 



= niiL + -\- C = nL + nL, 

B 



where >C is a pencil on B without fixed components, and mi and m2 are natural numbers 
such that mi > n. Now the inequalities < and mi > n imply that m2 = mi = n and 
Ai\B = nL + nL. Therefore, it follows from Theorem 10.2.91 that A4 = B. □ 

Proposition 5.8.2. Every Halphen pencil is contained in \ — Kx\ 

Proof. Due to Lemmas 10.3.31 and 15.8.11 we may assume that C§(X, ^M) = {O}. Let Q be the 
unique singular point of the variety W. Then, the set CS(VF, -Aiw) contains the point Q by 
Theorem 10.2.41 and Lemma 10.2.71 

Each member in the linear system A4y is contracted to a curve by the elliptic fibration rj and 
the set C§(y, ^TWy) is not empty by Theorem [0231 Moreover, the set C§>{Y, ^^My) does not 
contain any subvariety of the exceptional divisor of /? by Lemmas 10.2.31 and 10.2.71 Thus, the set 
CS(VF, ^.Mw) must contain an element other than the point Q. 

Let E be the exceptional divisor of a. Then, E is a quadric cone and it follows from 
Lemma 10.2.71 that the set CS(VK, -A4w) contains a ruling Z of the cone E. Then, the proper 
transform Zy is contracted by r/ to a point. 

Let T be the pencil consisting of surfaces in | — ii'vFl that contain the curve Z and j : W V 
be the dominant rational map induced by the linear system | — rKx\ for r ^ 0. The pencil T 
is the proper transform of a pencil contained in | — Kx\, the map 7 is a birational morphism, 
and y is a hypersurface of degree 12 in P(l, 1, 1, 4, 6). 

Let D be a general surface in | — rKx\, and M\y and T be general surfaces in M.w and T, 
respectively. Then, 

m m 
Y = L> • Mw ■ T > mu\tz{Mw ■ T){D ■ L) > multz{Mw)inultz{T){D ■ Z)>—, 

which implies that the support of the effective cycle M^y • T is contained in the union of the curve 
Z and a finite union of curves contracted by the morphism 7. Now it follows from Theorem lO.2.91 
that M.W = 'T-, which completes the proof. □ 

5.9. Case 1 = 14, hypersurface of degree 12 in P(1, 1, 1,4, 6). 

Let X be a general hypersurface of degree 12 in P(l,l,l,4,6) with -Kjr = \. It has only 
one singular point P that is a quotient singularity of type ^(1, 1, 1). 
We have an elliptic fibration as follows: 



where 

• ^ is the natural projection, 

• TT is the Kawamata blow up at the point P with weights (1, 1, 1), 

• ?7 is an elliptic fibration. 

Proposition 5.9.1. Every Halphen pencil on X is contained in \ — Kx\- 
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Proof. The log pair {X,^Ai) is not terminal by Theorem 10.2.41 However, it is terminal at a 
smooth point by Lemma l0.3.3[ 

Suppose that the log pair {X, ^M) is not terminal along a curve Z C X. Then, the inequality 

multz(A4) > n 

holds. 

For general surfaces Mi and M2 in A4 and a general surface D in | — Kx \ , we have 
2 2 
^ = Ml • M2 • > mnltl{M){-Kx • ^) > 

which implies that the curve Z is a fiber of the rational map ^. For a general surface D' in 
I — Kx \ that contains the curve Z, 

2 - 2' 

which implies that Supp(Mi) n Supp(D') C Supp(Z). It follows from Theorem 10.2.91 that the 
linear system M. is the pencil in | — Kx \ consisting of surfaces that pass through Z. 

Suppose that the log pair {X, ^M) is not terminal at the point P. Because —Ky = and 
_A/fy ~Q —nKy, every surface in the pencil A4y is contracted to a curve by the morphism rj. 
The log pair (Y, ^AAy) is not terminal along a curve contained in the exceptional divisor of vr 
by Theorem 10.2.41 and Lemma l0.2.7[ However, it contradicts Lemma 10.2.31 □ 
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Part 6. The Table. 

Before we explain the table, we should mention that all the contents, except the numbers of 
Halphen pencils, are obtained from [7]. 

We tabulate the singular points of the hypersurface 

X = XdC P(l, ai, 02, as, 04), 

and the number of Halphen pencils on X, i.e., the number of ways in which the hypersurface X 
is birationally transformed into a fibration by surfaces of Kodaira dimension zero. 

The contents in the entries on the first row and the second column is the number of Halphen 
pencils. These pencils define rational maps a generic fiber of which is birational to a smooth K3 
surface. 

The contents in the entries from the second rows explain the singular points on X. The first 
column tabulates the types of singularities. The second column shows the numbers h and c in 
Proposition 10.3.9) when we take the Kawamata blow up at a given point. The divisors B and E 
are the anticanonical divisor and the exceptional divisor , respectively, on the Kawamata blow 
up at a given singular point. For simplicity, we keep the divisors bB + cE only when B^ < 0. 
The blank entries simply mean B^ > 0. In such cases, we do not need the divisors bB + cE for 
the present article. 



1=1: X4C F(l,l,l,l,l) 





00 


smooth 


N/A 


n= 2: X5 CP(1,1,1,1,2) 


-Ki=5/2 


00 


P4 = ^(1,1,1) 




n= 3: Xg CP(1,1,1,1,3) 




00 


smooth 


N/A 


n = 4: Xe CP(1,1,1,2,2) 


-Ki=3/2 


00 






2=5: X7C P(l, 1,1,2,3) 


-Ki=7/6 


00 


^4 = 5(1,1,2) 




^3 = ^(1, 1,1) 




2 = 6: Xg C P(l,l,l,2,4) 


-K'x=l 


00 


P3P4 = 2X i(l,l,l) 




n = 7: Xg C P(l,l,2,2,3) 


-Kl=2/3 


1 


^4 = ^(1,1,2) 




P2P3 = 4X i(l,l,l) 




2 = 8: Xg CP(1,1,1,3,4) 




00 


^^4 = 1(1,1,3) 
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2 = 9: XgC P(l, 1,2,3,3) 



-Ki=l/2 


1 


^2 = ^(1,1,1) 




P3J'4 = 3 X 1(1,1,2) 




:i = 10: Xio C P(l,l,l,3,5) 


-Ki=2/3 


00 


^^3 = ^(1,1,2) 




:i = 11: Xio C P(l,l,2,2,5) 


-i^i=l/2 


1 


P2P3 = 5 X 1(1,1,1) 




:i= 12: Xio C P(l,l,2,3,4) 




1 


^^4 = 1(1,1,3) 




^^3 = 1(1,1,2) 




P2P4 = 2 X 1(1,1,1) 


B 


:i= 13: Xn CP(1, 1,2,3,5) 


-/I ■'(- = 11/30 


1 


Pi = 1(1.2,3) 




P3 = 1(1,1,2) 




P2 = U^,l,l) 


B 


2 = 14: X12 C P(l,l,l,4,6) 






P3P4 = 1x1(1,1,1) 




:i= 15: X12 C P(l, 1,2,3,6) 


-^i=V3 


1 


P3P4 = 2 X 1(1,1,2) 




P2P4 = 2 X 1(1,1,1) 


B 


:i= 16: X12 CP(1, 1,2,4,5) 




1 


^4 = i(l,l,4) 




P2P3 = 3 X 1(1,1,1) 


B 


n = 17: X12 C P(l,l,3,4,4) 




1 


f'3J'4 = 3 X 1(1,1,3) 




:i = 18: X12 C P(l,2,2,3,5) 


-i^i=l/5 


7 


A = i(l,2,3) 




P1P2 = 6 X 1(1,1,1) 


2B 
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J = 19: C P(l,2,3,3,4) 



-K\=l/% 


1 


PiP4 = 3x 1(1,1,1) 


QB + E 


P2P3 = 4 X 1(1,2,1) 




:i = 20: C P(l,l,3,4,5) 


-K|=13/60 


1 


^4 = i(l,l,4) 




^3 = i(i,i,3) 




^2 = ^1,1,2) 




:i = 21: Xi4 C P(l,l,2,4,7) 


-Ki=l/4 


1 


^3 = i(l,l,3) 




P2P3 = 3 X 1(1,1,1) 


P 


:i = 22: Xu C P(l,2,2,3,7) 


-^i=i/6 


8 


^^3 = 1(1,2,1) 




PiP2 = 7x 1(1,1,1) 


2P 


:i = 23: Xi4 C P(l,2,3,4,5) 


-i^|=7/60 


1 


A = i(l,2,3) 




^'3 = 1(1,3,1) 




^2 = 1(1,2,1) 


2P 


P1P3 = 3 X 1(1,1,1) 


AB + E 


n = 24: Xi5 C P(l,l,2,5,7) 


-K\=2>/U 


1 


P4 = 1(1,2,5) 






P 


2 = 25: Xi5 C P(l,l,3,4,7) 


-K\=b/2S 


1 


P4 = 1(1,3,4) 




^3 = i(l,l,3) 




n = 26: Xi5 C P(l, 1,3,5,6) 


-Ki=l/6 


1 


A = Kl'l'5) 




P3P4 = 2 X 1(1,1,2) 




:i = 27: Xi5 C P(l,2,3,5,5) 


-Ki=l/10 


1 


P3P4 = 3 X 1(1,2,3) 




^^1 = 3(1' 1.1) 


5P + P 
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J = 28: C P(l,3,3,4,5) 



-Ki=l/12 


6 


i^3 = i(i,3,i) 




P1P2 = 5 X 1(1,1,2) 


35 


n = 29: C P(l, 1,2,5,8) 


-i^i=l/5 


1 


^'a = 1(1' 2, 3) 




P2P4 = 2 X 1(1,1,1) 


P 


:i = 30: X16 C P(l,l,3,4,8) 


-i^i=l/6 


1 


P3^'4 = 2x 1(1,1,3) 




^2 = 1(1,1,2) 




:i = 31: X16 C P(l, 1,4,5,6) 


-i^|.=2/15 


1 






^3 = ^(1,1,4) 




^2^4 = 1x1(1,1,1) 


P 


n = 32: X16 C P(l,2,3,4,7) 


-K|=2/21 


1 


P4 = ^(1,3,4) 




^2 = ^1,2,1) 


2P 


P1P3 = 4 X 1(1,1,1) 


4P + P 


:i = 33: Xi7 C P(l,2,3,5,7) 


-K|=17/210 


1 


P4 = 1(1,2,5) 




^'3 = 1(1, 2, 3) 




^•2 = 1(1, 2,1) 


2P 




7P + 2^ 


2 = 34: Xis C P(l,l,2,6,9) 




1 


P3P4 = lX 1(1,1,2) 




P2P3 = 3 X 1(1,1,1) 


B 


:i = 35: Xis C P(l, 1,3,5,9) 




1 






P2P4 = 2 X 1(1,1,2) 


B 
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J = 36: C P(l,l,4,6,7) 



-K|=3/28 


1 


^4 = ^(1,1,6) 




^2 = i(l,l,3) 




^2^3 = 1X^(1, 1,1) 


B 


:i = 37: Xi8 C P(l,2,3,4,9) 


-^1=1/12 


1 


^3 = i(l,3,l) 




P2P4 = 2x i(l,2,l) 


2B 


PiP3 = 4x i(l,l,l) 


AB + E 


:i = 38: Xis C P(l,2,3,5,8) 


-^"1=3/40 


1 


A = 1(1,3,5) 




^'3 = ^1' 2, 3) 




P1P4 = 2 X 1(1,1,1) 


lOB + 3E 


n = 39: Xi8 C P(l,3,4,5,6) 




1 


P3 = 1(1^,1) 






3B 


P2P4 = 1(1,1,1) 


3B + E 


P1P4 = 3 X 1(1,1,2) 


20B + 3E 


:i = 40: Xig C P(l,3,4,5,7) 


-K^=19/A20 


1 


P4 = 1(1,3,4) 




^3 = 1(1,3,2) 




^^2 = 1(1,3,1) 


3B 




7B + E 


2 = 41: X20 C P(l, 1,4,5,10) 


-i^i=l/10 


1 


P3P4 = 2x 1(1,1,4) 




P2P4 = 1(1,1,1) 


B 


:i = 42: X20 C P(l,2,3,5,10) 


-i^i=l/15 


1 


^'2 = ^(1,2,1) 


2B 


P3P4 = 2x 1(1,2,3) 




P1P4 = 2 X 1(1,1,1) 


WB + 3E 


:i = 43: X20 C P(l,2,4,5,9) 


-i^i=l/18 


1 


A = ^(1,4,5) 




P1P2 = 5 X 1(1,1,1) 


4B + E 
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J = 44: X20 C P(l,2,5,6,7) 



-Ki=l/21 


1 


^4 = ^(1,2,5) 




^3 = 1(1,5,1) 




PiP3 = 3x 1(1,1,1) 


6B + 2E 


2 = 45: X20 C F(l,3,4,5,8) 


-K^=1/2A 


2 


P4 = 1(1,3,5) 




Pi = 1(1,1,2) 


8B + E 


P2P4 = 2 X 1(1,3,1) 


3B 


:i = 46: X21 C P(l, 1,3,7,10) 


-i^i=l/10 


1 


P4= 1^(1,3,7) 




:i = 47: X21 C P(l,l,5,7,8) 


-K^=3/40 


1 


P4 = 1(1,1,7) 




^2 = ^(1,2,3) 




n = 48: X21 C P(l,2,3,7,9) 


-ii'i=l/18 


2 


A = ^(1,2,7) 




Pi = 1(1,1,1) 


3B + E 


P2P4 = 2 X 1(1,2,1) 


2B 


:i = 49: X21 C P(l,3,5,6,7) 


-^"1=1/30 


1 


^^3 = 1(1,5,1) 




^2 = 1(1,3,2) 




P1P3 = 3 X 1(1,2,1) 


7B + E 


:i = 50: X22 C P(l, 1,3,7,11) 


-K^=2/21 


1 


^^3 = ^1' 3, 4) 




^2 = 1(1'1'2) 


B 


:i= 51: X22 C P(l, 1,4,6,11) 


-i^i=l/12 


1 


^3 = 1(1,1,5) 




^2 = i(l,l,3) 




P2P3 = 1(1,1,1) 


B 
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J = 52: X22 C P(l,2,4,5,ll) 



-K|=l/20 


1 


^3 = 1(1,4,1) 




^2 = i(l,l,3) 


2B 


P1P2 = 5 X 1(1,1,1) 


4B + E 


:i = 53: X24 C P(l, 1,3,8,12) 


-i^i=l/12 


1 


^3^4 = 1x1(1,1,3) 




P2P4 = 2 X 1(1,1,2) 


B 


:i = 54: X24 C P(l, 1,6,8,9) 


-Al- = J./18 


1 


P4 = ^(1.1,8) 




^2^4 = 1x1(1,1,2) 


B 


P2P3 = Kl,l,l) 


B 


:i = 55: X2A C P(l,2,3,7,12) 




2 


^^3 = ^(1,2,5) 




P2P4 = 2 X 1(1,2,1) 


2B 


P1P4 = 2 X 1(1,1,1) 


3B + E 


:i = 56: X24 C P(l,2,3,8,ll) 


-K\=l/22 


1 


P4= 1^(1,3,8) 




P1P3 = 3 X 1(1,1,1) 


3B + E 


n = 57: X24 C P(l,3,4,5,12) 


-is:|=i/30 


2 


^^3 = 1(1,3,2) 




P2P4 = 2 X 1(1,3,1) 


3B 


P1P4 = 2 X 1(1,1,2) 


12B + 2E 


:i = 58: X24 C P(l,3,4,7,10) 


-K|=l/35 


2 


P4 = 3lj(l,3,7) 




^^3 = ^1' 3, 4) 




P2P4 = 1(1,1,1) 


3B + E 


n = 59: X24 C P(l,3,6,7,8) 


-^1=1/42 


1 


Pa = 7(1,6,1) 




P2P4 = 1(1,1,1) 


3B + E 


P1P2 = 4 X 1(1,1,2) 


6B + E 
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J = 60: X24 C P(l,4,5,6,9) 



-K|=l/45 


2 


^4 = 1(1,4,5) 




^2 = 1(1,4,1) 


45 


P3P4 = l X i (1,1,2) 


55 + ^ 


PiP3 = 2x i(l,l,l) 


185 + 75 


n = 61: X25 C P(l,4,5,7,9) 


-iC|=5/252 


1 


^'4 = 1(1,4,5) 




^=^3 = ^(1,5,2) 




Pi = 1(1,3,1) 


95 + 5 


n = 62: X26 C P(l, 1,5,7,13) 


-K|=2/35 


1 


^^3 = ^(1,1,6) 




^2 = ^1' 2, 3) 




n = 63: X26 C P(l,2,3,8,13) 


-ir|=l/24 


1 


^3 = 1(1,3,5) 




^2 = Kl'2,l) 


25 


P1P3 = 3 X 1(1,1,1) 


35 + 5 


:i = 64: X26 C P(l,2,5,6,13) 




1 


Ps = Ul,5,l) 




^2 = 1(1,2,3) 




P1P3 = 4 X 1(1,1,1) 


65 + 25 


:i = 65: X27 C P(l,2,5,9,ll) 


-is:|.=3/110 


1 


P4 = 3^(1,2,9) 




^2 = 1(1,4,1) 


25 


^1 = 1(1,1,1) 


115 + 45 


:i = 66: X27 C P(l,5,6,7,9) 


-K|=l/70 


2 


^^3 = ^(1,5,2) 




^'2 = 1(1,5,1) 


55 


Pi = 1(1,1,4) 


125 + 5 


P2P4 = 1 X 1(1,2,1) 


55 + 5 


n = 67: X28 C P(l,l,4,9,14) 


-i^i=l/18 


1 


^3 = ^(1,4,5) 




P2P4 = 1(1,1,1) 


5 
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J = 68: C P(l,3,4,7,14) 



-K|=l/42 


1 


Pi = i(l,l,2) 


7B + E 


P3Pi = 2x i(l,3,4) 




P2i'4 = ^(1,1,1) 


3B + E 


:i = 69: X28 C P(l,4,6,7,ll) 


-K^=l/66 


2 


P4 = 1^(1,4,7) 




^2 = 1(1,1,5) 


4P 


P1P2 = 2 X 1(1,1,1) 


22P + 9E 


n = 70: X30 C P(l,l,4,10,15) 


-i^|.=l/20 


1 


^^2 = 1(1, 1,3) 


B 


P3A = i(l.l,4) 




P2P3 = 1x1(1,1,1) 


B 


:i = 71: X30 C P(l,l,6,8,15) 




1 


^3 = 1(1,1,7) 




P2P4 = 1 X 1(1,1,2) 


B 


P2P3 = 1x1(1,1,1) 


B 


n = 72: X30 C P(l,2,3,10,15) 


-i^|=l/30 


1 


P3P4 = 1 X 1(1,2,3) 




P2P4 = 2X 1(1,2,1) 


2P 


P1P3 = 3 X 1(1,1,1) 


'iB + E 


n = 73: X30 c P(l,2,6,7,15) 


-^1=1/42 


1 


^=^3 = ^1' 6,1) 




PsPi = 1 X 1(1.2.1) 


2P 


P1P2 = 5 X 1(1,1,1) 


6P + 2E' 


:i = 74: X30 C P(l,3,4,10,13) 


-i^|.=l/52 


2 


P4 = 3^(1,3,10) 




^=^2 = 1 (1,3,1) 


3P 


P2P3 = 1(1,1,1) 


3P + P 


:i = 75: X30 C P(l,4,5,6,15) 


-is:|=l/60 


1 


A = 1(1,1,3) 


lOP + E 


P3P4 = 1x1(1,1,2) 


5P + P 


P2P4 = 2 X 1(1,4,1) 


4P 


P1P3 = 2 X 1(1,1,1) 


hB + 2E 
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J = 76: X30 C P(l,5,6,8,ll) 



-K\=l/d,% 


2 


P4 = 1^(1,5,6) 




^3 = 1(1,5,3) 




^2^3 = 1x1(1, 1,1) 




:i = 77: X32 C P(l,2,5,9,16) 


-K|=l/45 


1 


^^3 = ^(1,2,7) 




^'2 = 1(1,4,1) 


2B 


PiP4 = 2x i(l,l,l) 


18B + 7E 


:i = 78: X32 C P(l,4,5,7,16) 


-K\=l/7{) 


1 


^^3 = 1(1,5,2) 






AB 


P1P4 = 2 X 1(1,1,3) 


7B + E 


n = 79: X33 C P(l,3,5,ll,14) 


-K\=l/1Q 


2 


P4 = 3^(1,3,11) 




^2 = ^(1,1,4) 


35 


:i = 80: X34 C P(l,3,4,10,17) 


-1^1=1/60 


2 


P3 = ^(1,3,7) 




J'2 = i(l,3,l) 


SB 


A = 5(1' 1.2) 


lOB + 2E 


P2P3 = 1x1(1,1,1) 


3B + E 


:i = 81: X34 C P(l,4,6,7,17) 


-K\=l/M 


2 


/'3 = ^(1,4,3) 




^2 = 1(1,1,5) 


AB 


^1 = i(l,3,l) 


7B + E 


P1P2 = 2 X 1(1,1,1) 


12B + 5E 


n = 82: X36 C P(l,l,5,12,18) 


-ii:|=l/30 


1 


^'2 = 1(1,2,3) 




^^3^ = 1x1(1,1,5) 




n = 83: X36 C P(l,3,4,ll,18) 


-^1=1/66 


1 


P3 = 3^(1,4,7) 




P2P4 = 1 X 1(1,1,1) 


3B + E 


P1P4 = 2 X 1(1,1,2) 


6B + 18£; 
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J = 84: C P(l,7,8,9,12) 



-K|=l/168 


2 


^2 = 1(1,7,1) 


7P 


^1 = 7(1,2,5) 


8B 


P3A = lxi(l,l,2) 


8B + 2E 


P2P4 = lX 1(1,3,1) 


7B + E 


:i = 85: X38 C P(l,3,5,ll,19) 


-K^=2/165 


1 


P3 = ^{1,3,8) 




^2 = i(l,l,4) 


3B 


^i = 5(l'2,l) 


5B + E 


:i = 86: X38 C P(l,5,6,8,19) 


-ir|.=l/120 


2 


^^3 = 1(1,5,3) 




^2 = ^1,5,1) 


5B 


^1 = 1(1,1,4) 


18B + 2E 


P2P3 = lxi(l,l,l) 


5B + 2E 


:i = 87: X40 C P(l,5,7,8,20) 


= 1/1 iO 


1 


P2 = 7(1:1,0) 


51? 


P3P4 = 1x1(1,1,3) 


7B + E 


P1P4 = 2 X 1(1,2,3) 


20B + 3E 


2 = 88: X42 C P(l, 1,6,14,21) 


-i^|=l/42 


1 


P3P4 = lX 1(1,1,6) 




P2P4 = lX 1(1,1,2) 


B 


P2P3 = 1x1(1,1,1) 


B 


n = 89: X42 C P(l,2,5,14,21) 


-K|=l/70 


1 


^2 = 1(1,4,1) 


2B 


P3P4 = 1x1(1,2,5) 




P1P3 = 3 X 1(1,1,1) 


5B + 2E 


2 = 90: X42 C P(l,3,4,14,21) 




1 


^'2 = 1(1,3,1) 


3B 


P3P4 = 1(1,3,4) 




P1P4 = 2 X 1(1,1,2) 


21B + 5E 


P2P3 = 1(1,1,1) 


3B + E 
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2 = 91: X44 C P(l,4,5,13,22) 





2 


P3 = 1^(1,4,9) 




^2 = 1(1,3,2) 


4P 


PlP4 = lxi(l,l,l) 


5P + 2E: 


n = 92: X48 C P(l,3,5,16,24) 


-K|=l/120 


1 


^2 = 1(1,1,4) 


3B 


^3^4 = 1 X 1(1,3,5) 




P1P4 = 2 X 1(1,2,1) 


5B + E 


2 = 93: X50 C P(l,7,8,10,25) 


-K^=l/280 


2 


^^2 = 1(1,7,1) 


7B 


Pi = 1(1,3,4) 


8B 


P3P4 = 1x1(1,2,3) 


8B + E 


P2P3 = 1x1(1,1,1) 


7B + 3E 


:i = 94: X54 C P(l,4,5,18,27) 


-K|=l/180 


1 


^^2 = ^(1,3,2) 


4P 


^^1 = 1(1,1,3) 


18P + 3E 


^^3^ = 1x1(1,4,5) 




PiP3 = 1x1(1,1,1) 


5B + 2E 


2 = 95: Xqq C P(1,5,6,22,33) 


-K|=l/330 


2 


^1 = k(1,2,3) 


65 


PgPi = 1 x ^(L5.(3) 




P2P4 = 1(1,2,1) 


5B + E 


P2P3 = 1x1(1,1,1) 


5B + 2E 
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